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Outline of the course

1. Introduction: Symmetries, degeneracies and representations.

2. Irreducible representations as building blocks. Application to molecular 
vibrations.

3. Operations with representations:  Physical properties and spectra.

4. Spin and double valued representations. Splitting of atomic orbitals in 
crystals.

5. Representation theory and electronic bands. 
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Vibrational spectrum of CH3D

Group theory tells you that 
each triply degenerate 
frequency splits: 3 ➞1+2:

1x1+1x2+2x3=9➞3x1+3x2=9
(3 nondegenerate +3 doubly 
degenerate = 6 different 
frequencies)
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Subduced representation

If T is a representation of a group G and G1 ⇢ G is a

subgroup of G, then T subduces the representation T1

of G1 according to the obvious rule

8g 2 G1, T1(g) = T (g)

It often happens that an IR of     subduces a reducible 
representation      of     . Then     can be decomposed as 
a sum of IRs of     .  

G
G1T1

G1

T1

When this is done for all the IRs of the parent group G, we 
have a subduction table.
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Subduced representation

C3v E C±
3 �di

A1 1 1 1
A2 1 1 -1
E 2 -1 0

Td E C±
3j C2m �dp S±

4m

A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T2 3 0 -1 1 -1
T1 3 0 -1 -1 1

Example: Td ! C3v

Td A1 A2 E T2 T1

C3v A1 A2 E A1 + E A2 + E

Subduction table: 
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Subduced representation

According to this table, any triply degenerate level of a 
system with symmetry      will split into two levels, one of 
them doubly degenerate, when the symmetry is broken 
down to       

Td

C3v

3 ! 1+ 2

Td A1 A2 E T2 T1

C3v A1 A2 E A1 + E A2 + E

Example: Td ! C3v
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Subduced representation
Application to CH4 ! CH3D

Td A1 A2 E T2 T1

C3v A1 A2 E A1 + E A2 + E

CH4

V ib = A1 + E + 2T2
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CH3D

V ib = 3A1 + 3E
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Splitting of atomic levels in crystals
Atomic orbitals

and each single-electron energy has a degeneracy 2(2l+1) 
with the factor of two from the spin degeneracy (neglecting 
spin-orbit couplings).

In the central field approximation 

HC nlm(~r) = Enl nlm(~r)

In a crystal, the symmetry will be reduced from O(3) to the 
local point group G 

O(3) ! G

8



Splitting of atomic levels in crystals

As a consequence of the reduction of the symmetry from 
O(3)  to the local group G, some degeneracies may be 
broken.

For instance,  when the local group  is        the atomic 
orbitals split according to 

C3v
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s ! a1

p ! a1 + e

d ! a1 + 2e

f ! 2a1 + a2 + 2e
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The irreducible representations of SO(3)
SO(3) is the group of all possible rotations in     .R3

SO(3) is a Lie group. It can be shown that the multiplets 
studied in quantum mechanics define the IRs       of SO(3): Dl

Thus SO(3) has infinitely many (unitary) IRs.

Dl = Dl({|l,mi}), dim(Dl) = 2l + 1

The characters are easily determined by taking as 
representative of each class a rotation about the OZ axis
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The irreducible representations of SO(3)

Every element of SO(3) can be written as an exponential

R(

~✓) = exp

i~✓ · ~L
~

The character of Dl

Using                                 gives Lz|l,mi = ~m|l,mi

�l(C✓) = tr

✓
exp

i✓Lz

~

◆
=

lX

m=�l

eim✓
=

ei(l+1)✓ � e�il✓

ei✓ � 1

�l(C✓) =
sin(l + 1

2 )✓

sin ✓
2
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The irreducible representations of O(3)

O(3) contains both proper and improper operations, and 
can be written as a direct product

O(3) = SO(3)⌦ Ci , Ci = {E, I}

As a consequence, the IRs of O(3) are obtained from those 
of SO(3) and     .  Ci

Concretely, one has to specify the value of   in     and the 
behaviour under the inversion or parity. Thus, for each IR 
of SO(3) there are two different IRs of O(3) denoted      .       

Dl

D±
l

l
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The character of 

The irreducible representations of O(3)

�l(E) = 2l + 1

�l(C✓) =
sin(l + 1

2 )✓

sin ✓
2

DP
l (P = ±)

�l(I) = (2l + 1)P

�l(�) = �l(C⇡)P

�l(S✓) = �l(C⇡�✓)P

The second column has been obtained by using

� = IC⇡

S✓ = �?C✓ = IC⇡�✓
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Splitting of atomic levels in crystals

In the central field approximation to multielectron atoms 
each electron moves in a spherically symmetric effective 
potential, independently of the other electrons.

Atomic orbitals

The radial functions are invariant under O(3) and only the 
spherical harmonics transform. The parity of a spherical 
harmonic is                .P = (�)l

Y m
l 2 DP

l , P = (�)l

The one-electron states are atomic orbitals 

 nlm(~r) = Rnl(r)Y
m
l (✓,')
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Splitting of atomic levels in crystals
Splitting of atomic orbitals (weak spin-orbit)
This is basically a subduction problem. If the local point 
group for the atom is, for instance,       , we can use the 
character formulas to obtain the characters of the subduced 
representations     

C3v

C3v E C±
3 �di

A1 1 1 1
A2 1 1 -1
E 2 -1 0

D+
0 1 1 1

D�
1 3 0 1

D+
2 5 -1 1

D�
3 7 1 1

D+
0 = A1

D�
1 = A1 + E

D+
2 = A1 + 2E

D�
3 = 2A1 +A2 + 2E

s
p
d
f

s ! a1

p ! a1 + e

d ! a1 + 2e

f ! 2a1 + a2 + 2e
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Splitting of atomic levels in crystals
Splitting of atomic multiplets (strong spin-orbit)
When spin-orbit interaction is important, each orbital  
splits into two multiplets defined by the total angular 
momentum j of the electron according to

l ! j = l ± 1/2
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Note that the parity of the multiplet is always equal to that 
of the parent orbital.

For instance, p orbitals split into a multiplet with j=1/2 and 
another multiplet with j=3/2. In terms of representations of 
O(3)

D�
1 ⇥D+

1/2 = D�
1/2 +D�

3/2
<latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit>
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The character of 

�l(E) = 2l + 1

�l(C✓) =
sin(l + 1

2 )✓

sin ✓
2

DP
l (P = ±)

�l(I) = (2l + 1)P

�l(�) = �l(C⇡)P

�l(S✓) = �l(C⇡�✓)P

Splitting of atomic levels in crystals
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Splitting of atomic levels in crystals
Splitting of atomic multiplets (strong spin-orbit)

C3v E C±
3 �di

A1 1 1 1
A2 1 1 -1
E 2 -1 0

D�
1/2 2 1 0

D�
3/2 4 -1 0

mj =
1

N

X

g2G

�⇤(g)�j(g)

(!)D�
1/2 : mA1 = mA2 = 2/3, mE = 1/3

D�
3/2 : mA1 = mA2 = 1/3, mE = 5/3
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The doubled-valued representations

The trouble with half-integral values of j is that the 
representation is no longer single-valued.  In particular 

⇤j(�) =
sin(j + 1

2 )�

sin �
2

) ⇤j(� + 2⇥) = �⇤j(�) , 8j =
1

2
,
3

2
. . .

Then we say that we are dealing with double-valued 
representations of SO(3).
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The double groups

From this viewpoint, the IRs for half-integral J are not 
representations of SO(3) but of its universal covering 
SU(2), which is ``twice as large” as SO(3).

Alternatively, we may acknowledge that       and           are 
in fact different symmetry operations.

C✓ C✓+2⇡

Then, rather than double-valued IRs of the point groups, 
we will have representations of the double point groups.

This is more accurate, as the double point groups have a 
different structure and different number of classes.

20



C3v E Ē C±
3 C̄±

3 �di �̄di

A1 1 1 1 1 1 1
A2 1 1 1 1 -1 -1
1Ē 1 -1 -1 1 i -i
2Ē 1 -1 -1 1 -i i
E 2 2 -1 -1 0 0
Ē1 2 -2 1 -1 0 0

D�
1/2 2 -2 1 -1 0 0

D�
3/2 4 -4 -1 1 0 0

The double groups
Example: 

D�
1/2 = Ē1

D�
3/2 = Ē1 +

1Ē + 2Ē

Note:

¯E ⌘ C2⇡

21



p
<latexit sha1_base64="noDenI4JvrUi0dGWGqR4WFuqnrY=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx210kG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUffcute6rDVuikOU4QRO4Rw8uIIG3EET2iAA4Rne4N0ZOk/Oi/P6Ey05xZ9j+CPn4xvPSYqJ</latexit><latexit sha1_base64="noDenI4JvrUi0dGWGqR4WFuqnrY=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx210kG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUffcute6rDVuikOU4QRO4Rw8uIIG3EET2iAA4Rne4N0ZOk/Oi/P6Ey05xZ9j+CPn4xvPSYqJ</latexit><latexit sha1_base64="noDenI4JvrUi0dGWGqR4WFuqnrY=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx210kG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUffcute6rDVuikOU4QRO4Rw8uIIG3EET2iAA4Rne4N0ZOk/Oi/P6Ey05xZ9j+CPn4xvPSYqJ</latexit><latexit sha1_base64="noDenI4JvrUi0dGWGqR4WFuqnrY=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx210kG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUffcute6rDVuikOU4QRO4Rw8uIIG3EET2iAA4Rne4N0ZOk/Oi/P6Ey05xZ9j+CPn4xvPSYqJ</latexit>

j = 1/2
<latexit sha1_base64="v8i/X53HpsXnnp+uLUP+JQTvnpE=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtMdGNCdGNS0wskEBDpsMtHZn+ZGZqQhpeQVdG3flAvoBv44BdKHhW39xzJrnn+qngStv2l1VaWV1b3yhvVra2d3b3qvsHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHNzO/84hS8SS+15MUvYiOYh5wRrUZuQ9XzlljUK3ZdXsusgxOATUo1BpUP/vDhGURxpoJqlTPsVPt5VRqzgROK/1MYUrZmI6wZzCmESovny87JSdBIokOkczfv7M5jZSaRL7JRFSHatGbDf/zepkOLr2cx2mmMWYmYrwgE0QnZNaZDLlEpsXEAGWSmy0JC6mkTJvLVEx9Z7HsMrQbdceuO3fnteZ1cYgyHMExnIIDF9CEW2iBCww4PMMbvFuh9WS9WK8/0ZJV/DmEP7I+vgGRyYt6</latexit><latexit sha1_base64="v8i/X53HpsXnnp+uLUP+JQTvnpE=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtMdGNCdGNS0wskEBDpsMtHZn+ZGZqQhpeQVdG3flAvoBv44BdKHhW39xzJrnn+qngStv2l1VaWV1b3yhvVra2d3b3qvsHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHNzO/84hS8SS+15MUvYiOYh5wRrUZuQ9XzlljUK3ZdXsusgxOATUo1BpUP/vDhGURxpoJqlTPsVPt5VRqzgROK/1MYUrZmI6wZzCmESovny87JSdBIokOkczfv7M5jZSaRL7JRFSHatGbDf/zepkOLr2cx2mmMWYmYrwgE0QnZNaZDLlEpsXEAGWSmy0JC6mkTJvLVEx9Z7HsMrQbdceuO3fnteZ1cYgyHMExnIIDF9CEW2iBCww4PMMbvFuh9WS9WK8/0ZJV/DmEP7I+vgGRyYt6</latexit><latexit sha1_base64="v8i/X53HpsXnnp+uLUP+JQTvnpE=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtMdGNCdGNS0wskEBDpsMtHZn+ZGZqQhpeQVdG3flAvoBv44BdKHhW39xzJrnn+qngStv2l1VaWV1b3yhvVra2d3b3qvsHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHNzO/84hS8SS+15MUvYiOYh5wRrUZuQ9XzlljUK3ZdXsusgxOATUo1BpUP/vDhGURxpoJqlTPsVPt5VRqzgROK/1MYUrZmI6wZzCmESovny87JSdBIokOkczfv7M5jZSaRL7JRFSHatGbDf/zepkOLr2cx2mmMWYmYrwgE0QnZNaZDLlEpsXEAGWSmy0JC6mkTJvLVEx9Z7HsMrQbdceuO3fnteZ1cYgyHMExnIIDF9CEW2iBCww4PMMbvFuh9WS9WK8/0ZJV/DmEP7I+vgGRyYt6</latexit><latexit sha1_base64="v8i/X53HpsXnnp+uLUP+JQTvnpE=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtMdGNCdGNS0wskEBDpsMtHZn+ZGZqQhpeQVdG3flAvoBv44BdKHhW39xzJrnn+qngStv2l1VaWV1b3yhvVra2d3b3qvsHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHNzO/84hS8SS+15MUvYiOYh5wRrUZuQ9XzlljUK3ZdXsusgxOATUo1BpUP/vDhGURxpoJqlTPsVPt5VRqzgROK/1MYUrZmI6wZzCmESovny87JSdBIokOkczfv7M5jZSaRL7JRFSHatGbDf/zepkOLr2cx2mmMWYmYrwgE0QnZNaZDLlEpsXEAGWSmy0JC6mkTJvLVEx9Z7HsMrQbdceuO3fnteZ1cYgyHMExnIIDF9CEW2iBCww4PMMbvFuh9WS9WK8/0ZJV/DmEP7I+vgGRyYt6</latexit>

j = 3/2
<latexit sha1_base64="3u/PFGB8JNaaWiXNuSlRrHeATC8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtmujGhOjGJSYWSKAh0+GWjkx/MjM1IQ2voCuj7nwgX8C3ccAuFD2rb+45k9xz/VRwpW370yotLa+srpXXKxubW9s71d29tkoyydBliUhk16cKBY/R1VwL7KYSaeQL7Pjj65nfeUCpeBLf6UmKXkRHMQ84o9qM3PvL05PGoFqz6/Zc5C84BdSgUGtQ/egPE5ZFGGsmqFI9x061l1OpORM4rfQzhSllYzrCnsGYRqi8fL7slBwFiSQ6RDJ//8zmNFJqEvkmE1EdqkVvNvzP62U6uPByHqeZxpiZiPGCTBCdkFlnMuQSmRYTA5RJbrYkLKSSMm0uUzH1ncWyf6HdqDt23bk9qzWvikOU4QAO4RgcOIcm3EALXGDA4Qle4c0KrUfr2Xr5jpas4s8+/JL1/gWUyYt8</latexit><latexit sha1_base64="3u/PFGB8JNaaWiXNuSlRrHeATC8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtmujGhOjGJSYWSKAh0+GWjkx/MjM1IQ2voCuj7nwgX8C3ccAuFD2rb+45k9xz/VRwpW370yotLa+srpXXKxubW9s71d29tkoyydBliUhk16cKBY/R1VwL7KYSaeQL7Pjj65nfeUCpeBLf6UmKXkRHMQ84o9qM3PvL05PGoFqz6/Zc5C84BdSgUGtQ/egPE5ZFGGsmqFI9x061l1OpORM4rfQzhSllYzrCnsGYRqi8fL7slBwFiSQ6RDJ//8zmNFJqEvkmE1EdqkVvNvzP62U6uPByHqeZxpiZiPGCTBCdkFlnMuQSmRYTA5RJbrYkLKSSMm0uUzH1ncWyf6HdqDt23bk9qzWvikOU4QAO4RgcOIcm3EALXGDA4Qle4c0KrUfr2Xr5jpas4s8+/JL1/gWUyYt8</latexit><latexit sha1_base64="3u/PFGB8JNaaWiXNuSlRrHeATC8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtmujGhOjGJSYWSKAh0+GWjkx/MjM1IQ2voCuj7nwgX8C3ccAuFD2rb+45k9xz/VRwpW370yotLa+srpXXKxubW9s71d29tkoyydBliUhk16cKBY/R1VwL7KYSaeQL7Pjj65nfeUCpeBLf6UmKXkRHMQ84o9qM3PvL05PGoFqz6/Zc5C84BdSgUGtQ/egPE5ZFGGsmqFI9x061l1OpORM4rfQzhSllYzrCnsGYRqi8fL7slBwFiSQ6RDJ//8zmNFJqEvkmE1EdqkVvNvzP62U6uPByHqeZxpiZiPGCTBCdkFlnMuQSmRYTA5RJbrYkLKSSMm0uUzH1ncWyf6HdqDt23bk9qzWvikOU4QAO4RgcOIcm3EALXGDA4Qle4c0KrUfr2Xr5jpas4s8+/JL1/gWUyYt8</latexit><latexit sha1_base64="3u/PFGB8JNaaWiXNuSlRrHeATC8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcYUtmujGhOjGJSYWSKAh0+GWjkx/MjM1IQ2voCuj7nwgX8C3ccAuFD2rb+45k9xz/VRwpW370yotLa+srpXXKxubW9s71d29tkoyydBliUhk16cKBY/R1VwL7KYSaeQL7Pjj65nfeUCpeBLf6UmKXkRHMQ84o9qM3PvL05PGoFqz6/Zc5C84BdSgUGtQ/egPE5ZFGGsmqFI9x061l1OpORM4rfQzhSllYzrCnsGYRqi8fL7slBwFiSQ6RDJ//8zmNFJqEvkmE1EdqkVvNvzP62U6uPByHqeZxpiZiPGCTBCdkFlnMuQSmRYTA5RJbrYkLKSSMm0uUzH1ncWyf6HdqDt23bk9qzWvikOU4QAO4RgcOIcm3EALXGDA4Qle4c0KrUfr2Xr5jpas4s8+/JL1/gWUyYt8</latexit>

ē1
<latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit>

ē1
<latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit><latexit sha1_base64="tn+TKYPRX8HOOL+kw2+ptT5tBkg=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuP+Ca4cAbVGtu3V2IrYJXQA0KNQfVz/4wEVmEMQnFjel5bkp+zjVJoXBW6WcGUy4mfIQ9izGP0Pj5Yt8ZOwsTzWiMbPH+nc15ZMw0Cmwm4jQ2y958+J/Xyyi89nMZpxlhLGzEemGmGCVsXpsNpUZBamqBCy3tlkyMueaC7HEqtr63XHYV2hd1z61795e1xk1xiDKcwCmcgwdX0IA7aEILBCh4hjd4dybOk/PivP5ES07x5xj+yPn4BihqjQU=</latexit>

1ē+2 ē
<latexit sha1_base64="GvBErdUbKRCPgi3CteFFughIfSs=">AAAB+HicbVDLSgNBEOyNrxhfq+LJy2gQBCHsBkGPQS8eI5gH5MXspDcZMvtgZlaIS/5FT6Le/A5/wL9xkuxBE+tU3VUN1eXFgivtON9WbmV1bX0jv1nY2t7Z3bP3D+oqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7qd6o1HlIpH4YMex9gJ6CDkPmdUm1XPPuq6bY9KguSCdMvtk/nQs4tOyZmBLBM3I0XIUO3ZX+1+xJIAQ80EVarlOrHupFRqzgROCu1EYUzZiA6wZWhIA1SddBZ/Qs78SBI9RDKbf3tTGig1DjzjCageqkVtuvxPayXav+6kPIwTjSEzFqP5iSA6ItMWSJ9LZFqMDaFMcpOSsCGVlGnTVcG87y4+u0zq5ZLrlNz7y2LlJisiD8dwCufgwhVU4A6qUAMGKbzAO3xYT9az9Wq9za05K7s5hD+wPn8AAV+RRQ==</latexit><latexit sha1_base64="GvBErdUbKRCPgi3CteFFughIfSs=">AAAB+HicbVDLSgNBEOyNrxhfq+LJy2gQBCHsBkGPQS8eI5gH5MXspDcZMvtgZlaIS/5FT6Le/A5/wL9xkuxBE+tU3VUN1eXFgivtON9WbmV1bX0jv1nY2t7Z3bP3D+oqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7qd6o1HlIpH4YMex9gJ6CDkPmdUm1XPPuq6bY9KguSCdMvtk/nQs4tOyZmBLBM3I0XIUO3ZX+1+xJIAQ80EVarlOrHupFRqzgROCu1EYUzZiA6wZWhIA1SddBZ/Qs78SBI9RDKbf3tTGig1DjzjCageqkVtuvxPayXav+6kPIwTjSEzFqP5iSA6ItMWSJ9LZFqMDaFMcpOSsCGVlGnTVcG87y4+u0zq5ZLrlNz7y2LlJisiD8dwCufgwhVU4A6qUAMGKbzAO3xYT9az9Wq9za05K7s5hD+wPn8AAV+RRQ==</latexit><latexit sha1_base64="GvBErdUbKRCPgi3CteFFughIfSs=">AAAB+HicbVDLSgNBEOyNrxhfq+LJy2gQBCHsBkGPQS8eI5gH5MXspDcZMvtgZlaIS/5FT6Le/A5/wL9xkuxBE+tU3VUN1eXFgivtON9WbmV1bX0jv1nY2t7Z3bP3D+oqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7qd6o1HlIpH4YMex9gJ6CDkPmdUm1XPPuq6bY9KguSCdMvtk/nQs4tOyZmBLBM3I0XIUO3ZX+1+xJIAQ80EVarlOrHupFRqzgROCu1EYUzZiA6wZWhIA1SddBZ/Qs78SBI9RDKbf3tTGig1DjzjCageqkVtuvxPayXav+6kPIwTjSEzFqP5iSA6ItMWSJ9LZFqMDaFMcpOSsCGVlGnTVcG87y4+u0zq5ZLrlNz7y2LlJisiD8dwCufgwhVU4A6qUAMGKbzAO3xYT9az9Wq9za05K7s5hD+wPn8AAV+RRQ==</latexit><latexit sha1_base64="GvBErdUbKRCPgi3CteFFughIfSs=">AAAB+HicbVDLSgNBEOyNrxhfq+LJy2gQBCHsBkGPQS8eI5gH5MXspDcZMvtgZlaIS/5FT6Le/A5/wL9xkuxBE+tU3VUN1eXFgivtON9WbmV1bX0jv1nY2t7Z3bP3D+oqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7qd6o1HlIpH4YMex9gJ6CDkPmdUm1XPPuq6bY9KguSCdMvtk/nQs4tOyZmBLBM3I0XIUO3ZX+1+xJIAQ80EVarlOrHupFRqzgROCu1EYUzZiA6wZWhIA1SddBZ/Qs78SBI9RDKbf3tTGig1DjzjCageqkVtuvxPayXav+6kPIwTjSEzFqP5iSA6ItMWSJ9LZFqMDaFMcpOSsCGVlGnTVcG87y4+u0zq5ZLrlNz7y2LlJisiD8dwCufgwhVU4A6qUAMGKbzAO3xYT9az9Wq9za05K7s5hD+wPn8AAV+RRQ==</latexit>

Splitting of p-orbitals in a crystal field (strong spin-orbit)
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<latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit><latexit sha1_base64="1RSNBHrhoElom8BVxWePtRKXLt8=">AAACDHicbZDLSgMxGIUz9VbrbdSlm2ARlNI6qYJuhKJduKxgL9BOh0yatqGZC0lGKENfQV9GV6LuXPkCvo3pOIK2/qsv/zmB/xw35Ewqy/o0MguLS8sr2dXc2vrG5pa5vdOQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXd0NdWbd1RIFvi3ahxS28MDn/UZwUqvHPOo6qBusaOYRyWsOjE6Lk+6hYsfKhY0nSTkmHmrZCUD5wGlkAfp1Bzzo9MLSORRXxGOpWwjK1R2jIVihNNJrhNJGmIywgPa1uhjfYIdJ5Em8KAfCKiGFCbv394Ye1KOPVd7PKyGclabLv/T2pHqn9sx88NIUZ9oi9b6EYcqgNNmYI8JShQfa8BEMH0lJEMsMFG6v5yOj2bDzkOjXEJWCd2c5iuXaRFZsAf2wSFA4AxUwDWogTog4AE8gVfwZtwbj8az8fJtzRjpn13wZ4z3LyjrmGc=</latexit>
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