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SUBDUCED SPACE-GROUP
REPRESENTATIONS



Subduction

SUBDUCED space-group
representations 

Problem:

group G
{e, g2, g3, ..., gi,... ,gn}

subgroup H<G
{e, h2, h3, ...,hm}

D(G): irrep of G
{D(e), D(g2), D(g3),..., D(gi),... ,D(gn)}

subduced rep of H<G
{D(e), D(h2), D(h3), ...,D(hm)}

irreps 
of H 

{D(G)  H}:

{D(G)  H}
S-1{D(G) H}S

miDi(H)



D*k  ,i(G) H ~ mjD*k  ,j(H)HG 

*kG H = ∑(*kG|*kHi)*kHi
*kHi

η*k  ,i(G) =G  ∑(*kG,i|*kH,j ) η*kH ,  (H)j
p 

*kHj

Subduction of space group irreps

Step 1.Correlations between wave vectors

Step 2. Correlations between characters

SUBDUCED space-group
representations 

Problem:

∑ η*kHi(h)*η*kG(h)=
|H|

mi
h

1



Problem 5.1aEXERCISES

The star of the wave vector X(1/2,0,0) in the cubic group 
Pm-3m (221) consists of three arms: 

*X={(1/2,0,0), (01/2,0), (0,0,1/2)} 

(i) Determine the wave-vector correlations (spltting) of *X 
for the group-subgroup chain Pm-3m (a,b,c) > P4mm (a,b,c)

(ii) How the wave-vector correlations of *X change if unit 
cell of the low-symmetry group is doubled along c axis, i.e. 
the group-subgroup chain is of the type 
                     Pm-3m (a,b,c) > P4mm (a,b,2c)



Brillouin Zone
Database

BilbaoCrystServer



SOLUTIONProblem 5.1a

*X={(1/2,0,0), (01/2,0), (0,0,1/2)} Pm-3m:

b’=b
a’=a

c’=c
*X={(1/2,0,0), (01/2,0), (0,0,1/2)} 

P4mm: *X={(1/2,0,0), (01/2,0)} *Z={(0,0,1/2)



SOLUTIONProblem 5.1a

*X={(1/2,0,0), (01/2,0), (0,0,1/2)} Pm-3m:

b’=b
a’=a

c’=2c
*X={(1/2,0,0), (01/2,0), (0,0,1)} 

P4mm: *X={(1/2,0,0), (01/2,0)} {(0,0,1)} ～ Γ(0,0,0)



The amplitudes {Qi, i=1,...,n} that become spontaneously non-
zero in the low-symmetry phase, constitute the so-called order 
parameter, and the n- dimensional irrep describing its 
transformation properties is the active irrep of the transition.

Landau theory of phase transitions

the symmetry break taking place in structural phase transitions is due 
to the condensation (i.e. the change from zero to a non-zero 
amplitude) of one or a set of collective degrees of freedom that 
transform according to a single irreducible representation of the space 
group of the high-symmetry phase (the so-called active irrep). 

Order parameter

Active irrep

The symmetry group of the low-symmetry phase for which the amplitudes {Qi, 
i=1,...,n} that become spontaneously non-zero in the low-symmetry phase, is 
called an isotropy subgroup of the corresponding active irrep 

Isotropy subgroups



We know the high symmetry and the active irrep or 
order parameter and we want to know the possible 
symmetries of the distorted phase

G, D(g)           H?
possible isotropy subgroups for a given active irrep?

D(g)Q=Q’, g∈G

G: space group of the high-symmetry phase

D={D(g), g∈G}: matrix irrep of G
Q=(Q1, Q2, …,Qn): order parameter transforming           

      according to D 

D(g)Q=Q, g∈H<G

Problem:

Transformation of the order-parameter:

Isotropy subgroup H of D:

D↓H ∋ Γ1
Group-theoretical condition

for H to be isotropy subgroup of D:
(the identity irrep of H)



!12

Problem 5.1bEXERCISES

Determine the isotropy subgroups of the irreps of P4mm with k=0

E(4)=
0 -1

1 0
E(m-)=

0 1

1 0



Irreps of P4mm at k=0 (Γ point) 

for 1-dim irreps rather 
trivial, for n-dim one must 
apply the matrix equations 
or use some group 
theoretical "tricks"P4mm

P4

Pmm2

Cmm2 

E[g] Q=Q      {g}=H     

Pm 
Cm 
P1 

isotropy subgroup depends 
on the "direction" of the 
2-dim order parameter.

SOLUTIONProblem 5.1b

Why Cmm2?  
Where the C-centring comes from?



P4mm

P=(a-b, a+b, c)

SOLUTION

P4mm

a

a
a´=a-b

a

b

b

b

b´=a+b

b´a´

Problem 5.1b



Problem 5.1b SOLUTION

a´ b´
b’=a+b
a’=a-b

Primitive

Centred

a

b



INPUT data

group G

subgroup H

k-vector
data 

transformation 
matrix

Correlations between
representations 
of space groups

Problem:

CORREL

BILBAO CRYSTALLOGRAPHIC SERVER



CORREL: OUTPUT data

*k-vector splitting

*kG = *kH,1 + *kH,2 +...+ *kH,k

*kG - vector data



CORREL: OUTPUT data

{D(G) H} miDi(H)

Correlations between representations 



ηk,i(gk’) = ∑mj ηk’,j (gk’)

Subduction of little group irreps 

Correlations between characters

Compatibility relations between 
little-group representations 

Problem:

k, Gk, Dk,i

k’, Gk’,Dk’,j
k’=k+δ

Dk,i(Gk)  Gk’～     mj Dk’j(Gk’)

gk’∈Gk’

in the limit δ      0﹛

j

Gk>Gk’

Group-subgroup little-group pair 

in the study of connectivity of energy bands (electronic 
bands or phonon dispersion curves)  as we move in a 
continuous way from one k-vector point to a neighbouring 
one with a different symmetry 


mj = 1/|Gk’|

‘magic’ formula

 ∑ηk,i(gk’)ηk’,j (gk’)*
gk’∈Gk’



INPUT data

group G

 k1-vector

 k2-vector

Compatibility relations between 
little-group representations 

Problem:
DCOMPREL

COMPREL



P4/ncc (130) OUTPUT data

mj = 1/n

‘magic’ formula

∑ηk,i(gk’)ηk’,j (gk’)*
gk’=1

n

gk’ are the coset representatives of the decomposition 
of Gk’ with respect to its translation subgroup

DCOMPREL



Problem 5.2EXERCISES

Determine the connectivity of the electronic energy 
bands of Ge, symmetry group Fd-3m (227), between 
the high symmetry points GM and X over the 
symmetry line DT 



� � XElectronic energy bands of Ge, Fd-3m (227)EXAMPLE

SOLUTION



DIRECT-PRODUCT
 SPACE-GROUP

REPRESENTATIONS



Direct product of
representations 
of space groups

Problem:
DIRPRO

D1(G): irrep of G
{D1(e), D1(g2),... ,D1(gn)}

D2(G): irrep of G
{D2(e), D2(g2),... ,D2(gn)}

Reduction

irreps 
of G 

miDi(G)

D1 x D2D1 x D2

D1 x D2 {D1(e)          x D2(e) D1(gi)          x D2(gi),..., ,...}=

Direct-product representation



Direct product of representations 
of space groups

D*k  ,i(G) mjD*k,p(G)1 

*k1  = ∑(*k1*k2|*k)*k
*k

η*k  ,i1(G) η*k  ,i2(G) =1

*k

Direct product of space group irreps

Step 1. Selection rules of wave-vectors stars

Step 2. Decomposition of direct product

D*k  ,j  ~x 2

*k2x

 ∑(*k1,i1*k2,i2|*k,p) η*k , p(G)2



EXERCISES Problem 5.3

(a) Consider the space group P4mm and its k-vector 
X(0,1/2,0). Determine the wave-vector selection rules for 
the product of the k-vector stars: 

*X(0,1/2,0) *X(0,1/2,0).x

(b) Consider the space group P4/mmm (No. 123) and its k-
vectors X(0 1/2 0) and DT(0 0.27 0). Determine the wave-
vector selection rules for the product 

*DT(0 0.27 0) *X(0 1/2 0).x

The arms of *DT: (0 0.27,0), (0 -0.27,0), (0.27,0,0), (-0.27,0,0)
The arms of *X: ????

Hints:



BILBAO CRYSTALLOGRAPHIC SERVER

KVEC  database 



*DT(0 0.27 0) *X(0 1/2 0)x

 ∑(*k1*k2|*k)*k
*k

Problem 5.3 SOLUTION



group G

k-vector
data 

INPUT data

Direct product of
representations 
of space groups

Problem:
DIRPRO

BILBAO CRYSTALLOGRAPHIC SERVER



DIRPRO: OUTPUT data

Space-group data

G=  (W1,w1),..., (Wk,wk)

G=T+(W2,w2)T+...+(Wn,wn)T

⟨ ⟩



DIRPRO: output k-vector and its star *k

Little group GX={(Wi,wi)|Wik=k+K, (Wi,wi) G}

Little group GDT

Allowed (small)
irreps DDT,1



DIRPRO: output 

*k-vector splitting

= *k1 + *k2 +...+ *kk

Reduction of the direct product 

x*k1 *k2

miDi(G)

D1(G) x D2(G)



SITE-SYMMETRY 
APPROACH

AND
APPLICATIONS



BO6  octahedra 
rotations

Crystal-extended 
modes in 
Aurivillius 

compounds

X1 X2
- +

LOCALIZED and EXTENDED STATES
SITE-SYMMETRY APPROACH 

Problem:

site symmetry 4mm 
irrep A2

symmetry of the extended states 
(phonons, electronic bands, etc.) 

of crystal structures over the 
entire BZ

symmetry of the localized states 
(local displacements,, atomic 
orbitals, etc.) of constituent 

structural units 

irreps of the space group G irreps of the local group S 



LOCALIZED and EXTENDED STATES
SITE-SYMMETRY APPROACH 

Problem:

Evarestov & Smirnov, Site-symmetry in Crystals (1997)

the procedure relating localized and extended crystalline 
states can be described by induction of a representation of a 

space group    from a finite subgroup   , followed by a 
reduction into irreps. 

G
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Frobenius reciprocity theorem, which states that the 
multiplicities of the irreps of a group    in the induced 

representation from an irrep of a subgroup    of    can be 
determined from the multiplicities of the irreps of    in the 

representations subduced from    to  G
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<latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit>
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<latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit><latexit sha1_base64="5bk5RdKdFJUghp6uQdWm3dsBzfw=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6EKXEcwDkiHUdCpJm54H3T1CGPIPuhJ15/f4A/6NnTgLTbyr03VvQ90KEim0cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VpwaPZazaAWqSIqKGEUZSO1GEYSCpFYyvZ37rkZQWcXRvJgn5IQ4jMRAcjR21uhxldjPtlStu1Z2LLYOXQwVy1Xvlz24/5mlIkeESte54bmL8DJURXNK01E01JcjHOKSOxQhD0n42X3fKTgaxYmZEbP7+nc0w1HoSBjYTohnpRW82/M/rpGZw6WciSlJDEbcR6w1SyUzMZq1ZXyjiRk4sIFfCbsn4CBVyY29TsvW9xbLL0Dyrem7Vuzuv1K7yQxThCI7hFDy4gBrcQh0awGEMz/AG786D8+S8OK8/0YKT/zmEP3I+vgE4zI0g</latexit>

H
<latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit>

H
<latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit>

H
<latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit><latexit sha1_base64="vz9dCybSnuX1qDVJRUDdqyjIUWs=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuWmMgjgQmpaQpo6Xmku8eETPgHXRl15/f4A/6NDc5Cwbs6Xfd2UreCRAptXPfLKaytb2xuFbdLO7t7+wflw6OWjlPFqcljGatOgJqkiKhphJHUSRRhGEhqB5Pbud9+JKVFHN2baUJ+iKNIDAVHY0ftHkeZ1Wf9csWtuguxVfByqECuRr/82RvEPA0pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8W687Y2TBWzIyJLd6/sxmGWk/DwGZCNGO97M2H/3nd1Ayv/UxESWoo4jZivWEqmYnZvDUbCEXcyKkF5ErYLRkfo0Ju7G1Ktr63XHYVWhdVz616d5eV2k1+iCKcwCmcgwdXUIM6NKAJHCbwDG/w7jw4T86L8/oTLTj5n2P4I+fjGzpLjSE=</latexit>

the site-symmetry group   (isomorphic to a point group) is a 
subgroup of infinite index of    implies that the representation 

of    induced by an irrep of    must be of infinite dimension G
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Site-symmetry approach:  although the induced representation
  has infinite dimension, it is possible to know the part that 

corresponds to any set of irreps of    for a given k G
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LOCALIZED and 
EXTENDED STATES 

Problem: SITESYM
DSITESYM

(1) Given a space group G and an occupied Wyckoff position, determine its 
site-symmetry group S (WPOS). 

(2) Calculate the irreps of the space group G for the wavevectors k of 
interest (REPRES or REPRESENTATIONS DSG). 

(3) From the obtained space-group irreps of G, calculate the 
representations subduced to the site-symmetry group S 

 

(4) From the irreps of the site-symmetry group (POINT or 
REPRESENTATIONS DPG) and making use of the reduction formula, 
calculate the multiplicities of the site-symmetry irreps in the subduced 
representations. 

 (5) Apply the Frobenius reciprocity theorem to obtain the multiplicities of 
the irreps in the induced representation of G from the multiplicities of 
irreps of S. 

PROCEDURE



INPUT data

group G

LOCALIZED and 
EXTENDED STATES 

Problem: SITESYM
DSITESYM

 k-vector

Wyckoff
position



DSITESYM

OUTPUT data



DSITESYM

OUTPUT data



BAND REPRESENTATIONS

A set of extended energy states over the entire reciprocal space En(k), related 
to the symmetry of (exponentially) localized states (Wannier orbitals) 

Zak (1982)

The localized states (the atomic orbitals, for example) of an atom that occupy 
a given Wyckoff position of      transform according to a representation    ︎       of 
its site-symmetry group (or double site-symmetry group, if spin-orbit coupling 
is  considered).  A band representation can be defined as the induced 
representation            , being a particular case of the site-symmetry approach d↵ " G
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d↵ " G =
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�
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� (d� " G)

<latexit sha1_base64="d0vtftTigV5YKE85UrL6gE4+1CM="></latexit><latexit sha1_base64="d0vtftTigV5YKE85UrL6gE4+1CM="></latexit><latexit sha1_base64="d0vtftTigV5YKE85UrL6gE4+1CM="></latexit><latexit sha1_base64="d0vtftTigV5YKE85UrL6gE4+1CM="></latexit>

Necessary to calculate only BRs induced from the irreps of its site-symmetry group 

The BRs induced from different irreps of the same site-symmetry group are not equivalent, 
but BRs induced from different Wyckoff positions could be equivalent. 

Equivalence of Band Representations ?



BAND REPRESENTATIONS

Equivalence of Band Representations:

two BRs      and        are equivalent if subduce into the same little-group 
representations at all points in the Brillouin zone 

�k
G

<latexit sha1_base64="f21tk5t1O9ouYNqzqsiGjWSatQg=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBFclUQEXRZd6LKCfUATw8100g6dPJiZCGXIRn9GV6Lu/AZ/wL9xUrvQ1rM6955z4Z4TZpxJ5Thf1sLi0vLKamWtur6xubVt7+y2ZZoLQlsk5anohiApZwltKaY47WaCQhxy2glHl6XeuadCsjS5VeOM+jEMEhYxAsqsAvvAk2wQQ6A9AlxfFcWd9mJQwzDSo6II7JpTdybA88SdkhqaohnYn14/JXlME0U4SNlznUz5GoRihNOi6uWSZkBGMKA9QxOIqfT1JEaBj6JUYDWkeDL/9mqIpRzHofGUz8lZrVz+p/VyFZ37miVZrmhCjMVoUc6xSnHZBu4zQYniY0OACGa+xGQIAogynVVNfHc27Dxpn9Rdp+7enNYaF9MiKmgfHaJj5KIz1EDXqIlaiKBH9Ize0Lv1YD1ZL9brj3XBmt7soT+wPr4BW/CXeA==</latexit><latexit sha1_base64="f21tk5t1O9ouYNqzqsiGjWSatQg=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBFclUQEXRZd6LKCfUATw8100g6dPJiZCGXIRn9GV6Lu/AZ/wL9xUrvQ1rM6955z4Z4TZpxJ5Thf1sLi0vLKamWtur6xubVt7+y2ZZoLQlsk5anohiApZwltKaY47WaCQhxy2glHl6XeuadCsjS5VeOM+jEMEhYxAsqsAvvAk2wQQ6A9AlxfFcWd9mJQwzDSo6II7JpTdybA88SdkhqaohnYn14/JXlME0U4SNlznUz5GoRihNOi6uWSZkBGMKA9QxOIqfT1JEaBj6JUYDWkeDL/9mqIpRzHofGUz8lZrVz+p/VyFZ37miVZrmhCjMVoUc6xSnHZBu4zQYniY0OACGa+xGQIAogynVVNfHc27Dxpn9Rdp+7enNYaF9MiKmgfHaJj5KIz1EDXqIlaiKBH9Ize0Lv1YD1ZL9brj3XBmt7soT+wPr4BW/CXeA==</latexit><latexit sha1_base64="f21tk5t1O9ouYNqzqsiGjWSatQg=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBFclUQEXRZd6LKCfUATw8100g6dPJiZCGXIRn9GV6Lu/AZ/wL9xUrvQ1rM6955z4Z4TZpxJ5Thf1sLi0vLKamWtur6xubVt7+y2ZZoLQlsk5anohiApZwltKaY47WaCQhxy2glHl6XeuadCsjS5VeOM+jEMEhYxAsqsAvvAk2wQQ6A9AlxfFcWd9mJQwzDSo6II7JpTdybA88SdkhqaohnYn14/JXlME0U4SNlznUz5GoRihNOi6uWSZkBGMKA9QxOIqfT1JEaBj6JUYDWkeDL/9mqIpRzHofGUz8lZrVz+p/VyFZ37miVZrmhCjMVoUc6xSnHZBu4zQYniY0OACGa+xGQIAogynVVNfHc27Dxpn9Rdp+7enNYaF9MiKmgfHaJj5KIz1EDXqIlaiKBH9Ize0Lv1YD1ZL9brj3XBmt7soT+wPr4BW/CXeA==</latexit><latexit sha1_base64="f21tk5t1O9ouYNqzqsiGjWSatQg=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBFclUQEXRZd6LKCfUATw8100g6dPJiZCGXIRn9GV6Lu/AZ/wL9xUrvQ1rM6955z4Z4TZpxJ5Thf1sLi0vLKamWtur6xubVt7+y2ZZoLQlsk5anohiApZwltKaY47WaCQhxy2glHl6XeuadCsjS5VeOM+jEMEhYxAsqsAvvAk2wQQ6A9AlxfFcWd9mJQwzDSo6II7JpTdybA88SdkhqaohnYn14/JXlME0U4SNlznUz5GoRihNOi6uWSZkBGMKA9QxOIqfT1JEaBj6JUYDWkeDL/9mqIpRzHofGUz8lZrVz+p/VyFZ37miVZrmhCjMVoUc6xSnHZBu4zQYniY0OACGa+xGQIAogynVVNfHc27Dxpn9Rdp+7enNYaF9MiKmgfHaJj5KIz1EDXqIlaiKBH9Ize0Lv1YD1ZL9brj3XBmt7soT+wPr4BW/CXeA==</latexit>

⇢kG
<latexit sha1_base64="kJtPcngeKp2k6GDyZyIFWAczmNg=">AAAB/nicbVDLSsNAFJ34rPUVddnNYBFclUQEXRZd6LKCfUATw2Q6aYZOMmFmIpQhoD+jK1F3foQ/4N84qVlo61mde8+5cM8JM0alcpwva2l5ZXVtvbZR39za3tm19/Z7kucCky7mjItBiCRhNCVdRRUjg0wQlISM9MPJZan374mQlKe3apoRP0HjlEYUI2VWgd3wRMwD7WHE9FVR3GkvQSoOIz0pisBuOi1nBrhI3Io0QYVOYH96I47zhKQKMyTl0HUy5WskFMWMFHUvlyRDeILGZGhoihIifT0LUcCjiAuoYgJn82+vRomU0yQ0nvI5Oa+Vy/+0Ya6ic1/TNMsVSbGxGC3KGVQcll3AERUEKzY1BGFBzZcQx0ggrExjdRPfnQ+7SHonLddpuTenzfZFVUQNNMAhOAYuOANtcA06oAsweATP4A28Ww/Wk/Vivf5Yl6zq5gD8gfXxDdFYlpw=</latexit><latexit sha1_base64="kJtPcngeKp2k6GDyZyIFWAczmNg=">AAAB/nicbVDLSsNAFJ34rPUVddnNYBFclUQEXRZd6LKCfUATw2Q6aYZOMmFmIpQhoD+jK1F3foQ/4N84qVlo61mde8+5cM8JM0alcpwva2l5ZXVtvbZR39za3tm19/Z7kucCky7mjItBiCRhNCVdRRUjg0wQlISM9MPJZan374mQlKe3apoRP0HjlEYUI2VWgd3wRMwD7WHE9FVR3GkvQSoOIz0pisBuOi1nBrhI3Io0QYVOYH96I47zhKQKMyTl0HUy5WskFMWMFHUvlyRDeILGZGhoihIifT0LUcCjiAuoYgJn82+vRomU0yQ0nvI5Oa+Vy/+0Ya6ic1/TNMsVSbGxGC3KGVQcll3AERUEKzY1BGFBzZcQx0ggrExjdRPfnQ+7SHonLddpuTenzfZFVUQNNMAhOAYuOANtcA06oAsweATP4A28Ww/Wk/Vivf5Yl6zq5gD8gfXxDdFYlpw=</latexit><latexit sha1_base64="kJtPcngeKp2k6GDyZyIFWAczmNg=">AAAB/nicbVDLSsNAFJ34rPUVddnNYBFclUQEXRZd6LKCfUATw2Q6aYZOMmFmIpQhoD+jK1F3foQ/4N84qVlo61mde8+5cM8JM0alcpwva2l5ZXVtvbZR39za3tm19/Z7kucCky7mjItBiCRhNCVdRRUjg0wQlISM9MPJZan374mQlKe3apoRP0HjlEYUI2VWgd3wRMwD7WHE9FVR3GkvQSoOIz0pisBuOi1nBrhI3Io0QYVOYH96I47zhKQKMyTl0HUy5WskFMWMFHUvlyRDeILGZGhoihIifT0LUcCjiAuoYgJn82+vRomU0yQ0nvI5Oa+Vy/+0Ya6ic1/TNMsVSbGxGC3KGVQcll3AERUEKzY1BGFBzZcQx0ggrExjdRPfnQ+7SHonLddpuTenzfZFVUQNNMAhOAYuOANtcA06oAsweATP4A28Ww/Wk/Vivf5Yl6zq5gD8gfXxDdFYlpw=</latexit><latexit sha1_base64="kJtPcngeKp2k6GDyZyIFWAczmNg=">AAAB/nicbVDLSsNAFJ34rPUVddnNYBFclUQEXRZd6LKCfUATw2Q6aYZOMmFmIpQhoD+jK1F3foQ/4N84qVlo61mde8+5cM8JM0alcpwva2l5ZXVtvbZR39za3tm19/Z7kucCky7mjItBiCRhNCVdRRUjg0wQlISM9MPJZan374mQlKe3apoRP0HjlEYUI2VWgd3wRMwD7WHE9FVR3GkvQSoOIz0pisBuOi1nBrhI3Io0QYVOYH96I47zhKQKMyTl0HUy5WskFMWMFHUvlyRDeILGZGhoihIifT0LUcCjiAuoYgJn82+vRomU0yQ0nvI5Oa+Vy/+0Ya6ic1/TNMsVSbGxGC3KGVQcll3AERUEKzY1BGFBzZcQx0ggrExjdRPfnQ+7SHonLddpuTenzfZFVUQNNMAhOAYuOANtcA06oAsweATP4A28Ww/Wk/Vivf5Yl6zq5gD8gfXxDdFYlpw=</latexit>

⇢ of SQ, � of SQ0 , ⌧ of So = SQ \ SQ0
<latexit sha1_base64="9lcByPuYorewSKx676gKo8Kz9qU="></latexit><latexit sha1_base64="9lcByPuYorewSKx676gKo8Kz9qU="></latexit><latexit sha1_base64="9lcByPuYorewSKx676gKo8Kz9qU="></latexit><latexit sha1_base64="9lcByPuYorewSKx676gKo8Kz9qU="></latexit>

if ⌧ " SQ = ⇢ and ⌧ " SQ0 = �
<latexit sha1_base64="iKerdjXHruNfZpCGcNZnmJfE/WQ="></latexit><latexit sha1_base64="iKerdjXHruNfZpCGcNZnmJfE/WQ="></latexit><latexit sha1_base64="iKerdjXHruNfZpCGcNZnmJfE/WQ="></latexit><latexit sha1_base64="iKerdjXHruNfZpCGcNZnmJfE/WQ="></latexit>

(� " G) # Gk = �k
G

<latexit sha1_base64="DusEKZ+IiBYjpUOjVK3cm4TUBAM=">AAACO3icbVC7TsMwFHV4lvIqMLJYVEhlqRKEBAtSBQOMRaIPqQnRjeu0Vp2HbIeqivJp8AX8ADNMCNjYcdsMtOVMx+ecK997vJgzqUzz1VhaXlldWy9sFDe3tnd2S3v7TRklgtAGiXgk2h5IyllIG4opTtuxoBB4nLa8wfXYbz1SIVkU3qtRTJ0AeiHzGQGlJbfUxhVbsl4A2E5iECIaYpsAT2+yE2x3o2E4oz2kdgCq7/npIMsup4Numpuzrlsqm1VzArxIrJyUUY66W3rR/5EkoKEiHKTsWGasnBSEYoTTrGgnksZABtCjHU1DCKh00kkDGT72I4FVn+LJ+282hUDKUeDpzHg5Oe+Nxf+8TqL8CydlYZwoGhId0Z6fcKwiPC4Sd5mgRPGRJkAE01ti0gcBROm6i/p8a/7YRdI8rVpm1bo7K9eu8iIK6BAdoQqy0DmqoVtURw1E0DN6R1/o23gy3owP43MaXTLymQM0A+PnF2CHsCk=</latexit><latexit sha1_base64="DusEKZ+IiBYjpUOjVK3cm4TUBAM=">AAACO3icbVC7TsMwFHV4lvIqMLJYVEhlqRKEBAtSBQOMRaIPqQnRjeu0Vp2HbIeqivJp8AX8ADNMCNjYcdsMtOVMx+ecK997vJgzqUzz1VhaXlldWy9sFDe3tnd2S3v7TRklgtAGiXgk2h5IyllIG4opTtuxoBB4nLa8wfXYbz1SIVkU3qtRTJ0AeiHzGQGlJbfUxhVbsl4A2E5iECIaYpsAT2+yE2x3o2E4oz2kdgCq7/npIMsup4Numpuzrlsqm1VzArxIrJyUUY66W3rR/5EkoKEiHKTsWGasnBSEYoTTrGgnksZABtCjHU1DCKh00kkDGT72I4FVn+LJ+282hUDKUeDpzHg5Oe+Nxf+8TqL8CydlYZwoGhId0Z6fcKwiPC4Sd5mgRPGRJkAE01ti0gcBROm6i/p8a/7YRdI8rVpm1bo7K9eu8iIK6BAdoQqy0DmqoVtURw1E0DN6R1/o23gy3owP43MaXTLymQM0A+PnF2CHsCk=</latexit><latexit sha1_base64="DusEKZ+IiBYjpUOjVK3cm4TUBAM=">AAACO3icbVC7TsMwFHV4lvIqMLJYVEhlqRKEBAtSBQOMRaIPqQnRjeu0Vp2HbIeqivJp8AX8ADNMCNjYcdsMtOVMx+ecK997vJgzqUzz1VhaXlldWy9sFDe3tnd2S3v7TRklgtAGiXgk2h5IyllIG4opTtuxoBB4nLa8wfXYbz1SIVkU3qtRTJ0AeiHzGQGlJbfUxhVbsl4A2E5iECIaYpsAT2+yE2x3o2E4oz2kdgCq7/npIMsup4Numpuzrlsqm1VzArxIrJyUUY66W3rR/5EkoKEiHKTsWGasnBSEYoTTrGgnksZABtCjHU1DCKh00kkDGT72I4FVn+LJ+282hUDKUeDpzHg5Oe+Nxf+8TqL8CydlYZwoGhId0Z6fcKwiPC4Sd5mgRPGRJkAE01ti0gcBROm6i/p8a/7YRdI8rVpm1bo7K9eu8iIK6BAdoQqy0DmqoVtURw1E0DN6R1/o23gy3owP43MaXTLymQM0A+PnF2CHsCk=</latexit><latexit sha1_base64="DusEKZ+IiBYjpUOjVK3cm4TUBAM=">AAACO3icbVC7TsMwFHV4lvIqMLJYVEhlqRKEBAtSBQOMRaIPqQnRjeu0Vp2HbIeqivJp8AX8ADNMCNjYcdsMtOVMx+ecK997vJgzqUzz1VhaXlldWy9sFDe3tnd2S3v7TRklgtAGiXgk2h5IyllIG4opTtuxoBB4nLa8wfXYbz1SIVkU3qtRTJ0AeiHzGQGlJbfUxhVbsl4A2E5iECIaYpsAT2+yE2x3o2E4oz2kdgCq7/npIMsup4Numpuzrlsqm1VzArxIrJyUUY66W3rR/5EkoKEiHKTsWGasnBSEYoTTrGgnksZABtCjHU1DCKh00kkDGT72I4FVn+LJ+282hUDKUeDpzHg5Oe+Nxf+8TqL8CydlYZwoGhId0Z6fcKwiPC4Sd5mgRPGRJkAE01ti0gcBROm6i/p8a/7YRdI8rVpm1bo7K9eu8iIK6BAdoQqy0DmqoVtURw1E0DN6R1/o23gy3owP43MaXTLymQM0A+PnF2CHsCk=</latexit>

(⇢ " G) # Gk = ⇢kG
<latexit sha1_base64="ZS5apnOTUwL5eQ5BLVaX+a3Cmr4=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEhlqRKEBAtSBQOMRepLakLkuE5r1Ykj26GqonwYfAM/wAQTAjb+AKdkoC13Oj7nXPme48eMSmVZL8bS8srq2nppo7y5tb2za+7ttyVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o+tc7zwQISmPmmoSEzdEg4gGFCOlKc9swqojhhw6SYyE4GPoYMTSm+wEOn0+jma4+9QJkRr6QTrKsst8zUsLaVbzzIpVs6YDF4FdgAoopuGZz/o3nIQkUpghKXu2FSs3RUJRzEhWdhJJYoRHaEB6GkYoJNJNp+kzeBxwAdWQwOn7rzdFoZST0Nee/Dg5r+Xkf1ovUcGFm9IoThSJsLZoLUgYVBzmJcI+FQQrNtEAYUH1lRAPkUBY6arLOr49H3YRtE9rtlWz784q9auiiBI4BEegCmxwDurgFjRAC2DwBN7AJ/gyHo1X4934+LUuGcXOAZgZ4/sH8TmucQ==</latexit><latexit sha1_base64="ZS5apnOTUwL5eQ5BLVaX+a3Cmr4=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEhlqRKEBAtSBQOMRepLakLkuE5r1Ykj26GqonwYfAM/wAQTAjb+AKdkoC13Oj7nXPme48eMSmVZL8bS8srq2nppo7y5tb2za+7ttyVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o+tc7zwQISmPmmoSEzdEg4gGFCOlKc9swqojhhw6SYyE4GPoYMTSm+wEOn0+jma4+9QJkRr6QTrKsst8zUsLaVbzzIpVs6YDF4FdgAoopuGZz/o3nIQkUpghKXu2FSs3RUJRzEhWdhJJYoRHaEB6GkYoJNJNp+kzeBxwAdWQwOn7rzdFoZST0Nee/Dg5r+Xkf1ovUcGFm9IoThSJsLZoLUgYVBzmJcI+FQQrNtEAYUH1lRAPkUBY6arLOr49H3YRtE9rtlWz784q9auiiBI4BEegCmxwDurgFjRAC2DwBN7AJ/gyHo1X4934+LUuGcXOAZgZ4/sH8TmucQ==</latexit><latexit sha1_base64="ZS5apnOTUwL5eQ5BLVaX+a3Cmr4=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEhlqRKEBAtSBQOMRepLakLkuE5r1Ykj26GqonwYfAM/wAQTAjb+AKdkoC13Oj7nXPme48eMSmVZL8bS8srq2nppo7y5tb2za+7ttyVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o+tc7zwQISmPmmoSEzdEg4gGFCOlKc9swqojhhw6SYyE4GPoYMTSm+wEOn0+jma4+9QJkRr6QTrKsst8zUsLaVbzzIpVs6YDF4FdgAoopuGZz/o3nIQkUpghKXu2FSs3RUJRzEhWdhJJYoRHaEB6GkYoJNJNp+kzeBxwAdWQwOn7rzdFoZST0Nee/Dg5r+Xkf1ovUcGFm9IoThSJsLZoLUgYVBzmJcI+FQQrNtEAYUH1lRAPkUBY6arLOr49H3YRtE9rtlWz784q9auiiBI4BEegCmxwDurgFjRAC2DwBN7AJ/gyHo1X4934+LUuGcXOAZgZ4/sH8TmucQ==</latexit><latexit sha1_base64="ZS5apnOTUwL5eQ5BLVaX+a3Cmr4=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEhlqRKEBAtSBQOMRepLakLkuE5r1Ykj26GqonwYfAM/wAQTAjb+AKdkoC13Oj7nXPme48eMSmVZL8bS8srq2nppo7y5tb2za+7ttyVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o+tc7zwQISmPmmoSEzdEg4gGFCOlKc9swqojhhw6SYyE4GPoYMTSm+wEOn0+jma4+9QJkRr6QTrKsst8zUsLaVbzzIpVs6YDF4FdgAoopuGZz/o3nIQkUpghKXu2FSs3RUJRzEhWdhJJYoRHaEB6GkYoJNJNp+kzeBxwAdWQwOn7rzdFoZST0Nee/Dg5r+Xkf1ovUcGFm9IoThSJsLZoLUgYVBzmJcI+FQQrNtEAYUH1lRAPkUBY6arLOr49H3YRtE9rtlWz784q9auiiBI4BEegCmxwDurgFjRAC2DwBN7AJ/gyHo1X4934+LUuGcXOAZgZ4/sH8TmucQ==</latexit>

then the two BR

Consider the Wyckoff positions Q and Q’ with site symmetry groups SQ and SQ’

Composite and Elementary Band Representations:

the definition of equivalence of BRs is different from the definition of equivalence of 
representations 

A band representation is called composite if it is equivalent to the direct sum of other band 
representations. A band representation that is not composite is called elementary. 

are equivalent

All elementary band representations (EBRs) are induced from the Wyckoff positions 
of maximal symmetry, but the opposite is not true 



Wyckoff positions of maximal symmetry 

A Wyckoff position Q with a site-symmetry group SQ has maximal symmetry if it is not 
connected to another Wyckoff position Q’ whose site-symmetry group SQ’ is a 
supergroup of SQ

Wyckoff positions are connected if (i) the coordinate triplet of at least one of them 
depends on one or more variable parameters, and (ii) for specific values of the variable 
parameters, the coordinate triplets of the two Wyckoff positions coincide. 

Wyckoff positions of the double space group P4/ncc



k-vectors of maximal symmetry 

if its little co-group is not a subgroup of the little 
co-group of another k0-vector type connected to k 

if (i) the coefficient triplet of at least one of them depends 
on one or more variable parameters, and (ii) for specific 
values of the variable parameters, the coefficient triplets of 
the two k-vector types coincide. 

k-vector types of of maximal symmetry the double space group P4 (No.75)

modification of the set of maximal-symmetry k vectors 
(splitting of the k-vector types) under time-reversal symmetry 

NO time-reversal symmetry

WITH time-reversal symmetry

non-centrosymmetric groups:

TRIM points: Time Reversal Invariant Momentum points: 

k- vector of maximal symmetry:

connected  k-vector types:



BAND 
REPRESENTATIONS 

Problem: BANDREP

PROCEDURE

- given a space group G, a BR is fully identified by a Wyckoff position, an irrep of 
its site-symmetry group and the irreps of the little groups of any k vector of the 
reciprocal space: the irrep multiplicities of BRs are determined by applying the 
site-symmetry approach. 

(i) Site-symmetry approach

- it is only necessary to consider k vectors of maximal symmetry:  compatibility 
relations for the irrep multiplicities of any other k vector

(ii) Elementary or composite BR

- BRs induced from  Wyckoff positions of maximal symmetry 

- Each BR is characterized by a set of multiplicities of the little-group irreps but 
only for k vectors of maximal symmetry

- candidate to be a composite BR:  check if decomposes at every k as the direct 
sum of two or more BR (induced of different Wyckoff position Q’)

- equivalence check with the irreps   of the intersection group So = SQ \ SQ0
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if the candidate-for-composite BR                             induced from               is 
equivalent to a band representation                              induced from a reducible 
representation                 with       

(⇢ " G) # Gk = ⇢kG
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(� " G) # Gk = �k
G
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