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SPACE GROUPS

Crystal pattern: infinite, idealized crystal structure (without
disorder, dislocations, impurities, etc.)

Space group G: The set of all symmetry operations (isometries)
of a crystal pattern

Translation subgroup H<]G: The infinite set of all translations
that are symmetry operations
of the crystal pattern

Point group of the The factor group of the space group

space groups Pg: &ll\jﬂglfgulibe_rplebét fo the translation



INTERNATIONAL TABLES FOR
CRYSTALLOGRAPHY

VOLUME A: SPACE-GROUP SYMMETRY

Extensive tabulations and illustrations
of the |7 plane groups and
of the 230 space groups

*headline with the relevant group symbols;

*diagrams of the symmetry elements and of the
general position;
Volume *specification of the origin and the asymmetric
unit;
*list of symmetry operations;
*generators;

s smmery *S€NEral and special positions with multiplicities,
saed by MoslAoe  Sit€ Symmetries, coordinates and reflection
Sixth edition Conditions;

*symmetries of special projections;
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HERMANN-MAUGUIN
SYMBOLISM




Hermann-Mauguin symbols for space groups

- centring type
-symmetry elements along primary, secondary and
ternary symmetry directions
rotations: by the axes of rotation
planes: by the normals to the planes

- rotations/planes along the same direction

A direction is called a symmetry direction of a crystal structure if it

is parallel to an axis of rotation or rotoinversion or if it is parallel to
the normal of a reflection plane.

secondary .
direction tertiary

l / direction
Orthorhombic )}Q,/ n

screw axis 2, // a screwaxis 2y // ¢
glide plane n L @ glide planea L ¢

screw axis & // b

Bravais lattice

mirror plane m L 6



| 4 Bravais Lattices

crystal family Lattice Types

P I F C R
triclinic 2@
g *b
monoclinic _— F‘Q
a =
orthorhombic cﬁﬁﬁ’ﬁﬁ,fﬁﬁoﬁ
g —*p
tetragonal ,l ° l
A= a ’

hexagonal

cubic




Hermann-Mauguin symbols for space groups

Directions that belong to the same set of equivalent symmetry directions are
collected between braces. The first entry in each set is taken as the
representative of that set.

Symmetry direction (position in Hermann—
Mauguin symbol)

Lattice Primary Secondary Tertiary
Triclinic None
Monoclinic® [0O10] (funique axis b7)
[O01] (funique axis c¢’)
Orthorhombic [100] [010] [O01]
Tetragonal [001] [100] (110
(010] 110
Hexagonal [001] 100 (110]
010, 120
110)] 210)]
Rhombohedral [001] 1 OO;
(hexagonal axes) 010]
110]
Rhombohedral [111] (110]
(rhombohedral axes) O011]
101]
Cubic [100] 111] (110] [110]
[010] 111 [011] [011]
[001] 111] [101] [101]
| [ | 1111 | [




SPACE-GROUP

SYMMETRY
OPERATIONS




Symmetry Operations Characteristics

TYPE of the symmetry operation

preserve or not handedness
SCREW/GLIDE component
GEOMETRIC ELEMENT

ORIENTATION of the geometric element
LOCATION of the geometric element



Crystallographic symmetry operations

fixed points of isometries (VWV,w)X=Xs

characteristics: ,
geometric elements

Types of isometries preserve handedness

identity: the whole space fixed

translation t:  no fixed point X=X+t

rotation: one I?ne ﬁxgd b=k x 36OO/N
rotation axis

no fixed point
screw axis screw vector

screw rotation:



Crystallographic symmetry operations

Screw rotation

n n-fold rotation followed

by a fractional
P, X : b
: translation = ¢ parallel

to the rotation axis

. XP,
I
nt ’L,—é;z"'*""P Its application n times
p results in a translation
\ P, parallel to the rotation
‘ axis
27




do not

Types of isometries
YP preserve handedness

fixed points of isometries (VWV,w)X=Xs

characteristics: ,
geometric elements

centre of roto-inversion fixed

roto-inversion: . . .
roto-inversion axis

inversion: centre of inversion fixed

plane fixed
reflection/mirror plane

reflection:

no fixed point

glide reflection: . |
glide plane glide vector



Crystallographic symmetry operations

Glide plane
> > reflection followed by a
T ok Ifractional translation
: 5 t parallel to the plane
P’ 4o P, Its application 2 times

results in a translation
parallel to the plane



T
Yy
2

» O

~

X X
(X:%,2) (X,Y,Z)

X = Fi(x,y,2)
Wie+Wiy+Wizz+w;
Worx + Waay + Waz z + wo
Ws1x + Waay + W3z 2 + ws.




Matrix-column presentation of

Isometries
f W11W12W13 £ (V0N
y| = | WorWoaWas | | y | + | w2
yA W31W32W33 yA W3
linear/matrix translation
part column part

x=(W,w)x or z={W|w}zx

matrix-column Seitz symbol
pair



EXERCISES Problem 2.1

Referred to an ‘orthorhombic’ coordinated system (a#b+c;

x=B=y=90) two symmetry operations are represented by the
following matrix-column pairs:

y 0 - 112
(Wi,wi)= | 0 (W2,w2)= | 0

- | 0 -1 (] 1/2
Determine the images X of a Can you guess what is the
point X under the symmetry geometric ‘nature’ of (Wi,w))?

operations (Wi,wi) where And of (W2,w2)?

0,70
X=| 03I Hint:
0,95 A drawing could be rather helpful




Combination of isometries

(Uu)




EXERCISES Problem 2.1 (cont)

Consider the matrix-column pairs of the two symmetry operations:

0 |-l 0 y 1/2
(WiwD)=[ [ 1]o 0 (W2,w2)= | 0
1110 -1 {172

Determine and compare the matrix-column pairs of the combined
symmetry operations:

(W,w)=(W,w1)(W2,w2)
(W,w)'=(W2,w2)(Wi,w)

combination of isometries:




Inverse isometries

% (W,w)

@ m————— ) X
. —
X (C,0)=(W,w)-!

B I = 3x3 identity matrix
(C.c)(Ww) = (l,0) O = zero translation column

(C,c)(W.w) = (CW, Cw+c)

CV w:o

—-Cw—-W w



EXERCISES Problem 2.1 (cont)

Determine the inverse symmetry operations (VW,w)-! and
(W2,w2)-! where

0 -1 0 | 112
(WiLwi)=t [ 1]o 0 (W2,w2)= | 0
o 11

Determine the inverse symmetry operation (VV,w)-!

(Ww)=(Wi,w1)(Wa,w2)

inverse of isometries:




W,w -
dsomemry: x5

Wiz + Wiy + Wiz +w;
Waorz + Waay + Wasz z + wo
Wsix + Waay + Wazz +ws

_ -left-hand side: omitted
-coefficients O, +1, -1

-different rows in one line

- | 112 -X+ |/2, Ys -z+1/2
. 0 >'{ )_(+|/2,y,E+|/2

-1 1/2

N 2
|




EXERCISES

Problem 2.2

Construct the matrix-column pair (W,w) of the
following coordinate triplets:

(1) x.y.z (2) -x,y+1/2,-z+1/2
(3) -x,-y,-z  (4) X-y+1/2,z+1/2
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PRESENTATION OF
SPACE-GROUP SYMMETRY
OPERATIONS

IN
INTERNATIONAL TABLES
FOR CRYSTALLOGRAPHY,

VOL.A




Space group Cmm2 (No.35) How are the symmetry

operations
Diagram of symmetry elements I'epl'esentEd inITA?
O . | . | . b
I |
-1
| or (0,0,0) + set
. :r . | . (1) 1 (2) 2 0.0.z (3) m x,0.z 4) m 0,v,z
_.__ _....__ For (1,1,0)+ set
. | | (1) t(%,1.0) (2) 2 iiz 3)a x,1.z @) b )z
———
Diagram of

general position points

0 [0 010 General Position

Coordinates
Q| O (0,0,0)+ (4,4,0)+
+0) | O+
8 f 1 (1) x,y.z (2) x,¥.z (3) x. 3.z (4) X.y.z
0 O Q| @
b '

0 O



General position

(i) coordinate triplets of an image point X of
the original point X= [xJunder (W,w) of G

z

-presentation of infinite image points X under the
action of (W,w) of G

(ii) short-hand notation of the matrix-column pairs
(W,w) of the symmetry operations of G

-presentation of infinite symmetry operations of G
(Wiw) = (l,tn)(W,wo), 0=wio<I




General Position of Space groups (infinite order)

Coset decomposition G:Tg l
(1,0)  (W2aw2) ... (Wmnwm) o (Wi,wi)
(Ler)  (Wawatt)) ... (Wmwmtt)) ... (Wiwitt))
(Lltz2)  (Wawatt?) ... (Wmwmtt2) ... (Wiwitty)

(L)  (Wawatt) ... (Wmwmtt) ... (Wiwitt)

Factor group G/Ta

isomorphic to the point group Pg of G

Point group P = {I, W2,Ws3,.. Wi}



GEOMETRIC INTERPRETATION OF THE MATRIX-
COLUMN PRESENTATION OF
THE SYMMETRY OPERATIONS




international Tables for Crystallography (2006). Vol. A, Space groi

Space group P2,/c (No.
P2 /c C,. 2/m ]
No. 14 P12,/cl Patterson sy
UNIQUE AXIS A, CELL CHOICE 1

o

1,
<
0 o

a 8]
;
‘ '
_/
1

——

|

EXAMPLE

c

—

t

' '

s

oy, w—
e . — v — o o
Q
[rem e e e,
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Generators selected (1); #(1,0,0); ¢(0,1,0); ¢(0,0,1); (2); (3)

Positions

Multiplicity, Coordinates
Wyckoff letter,

Site symmetry

Matrix-column
presentation

(1) x,5.z (D Ey+i.i+s: (3) x5,z 4) x,3+35,z+;

operations

(2) 2(0 %30) 03)’1 3

~ Geometric
interpretation

|1 4)



BILBAO

CRYSTALLOGRAPHIC
SERVER




bilbao crystallographic server

Contact us About us Publications How to cite the server

Space-group symmetry
Magnetic Symmetry and Applications

ps

ECM31-Oviedo Satellite

rystallography online: workshop on the
¢ and applications of the structural tools

of the Bilbao Crystallographic Server

20-21 August 2018

¢ New Article in Nature
07/2017: Bradlyn ef al. "Topological quantum

Subperiodic Groups: Layer, Rod and Frieze Groups
chemistry” Nature (2017). 547, 298-305.

Structure Databases
Raman and Hyper-Raman scattering
groups
o New program: DG'ENPOS
g:f:::z&e::m positions of Double Polnt-group symmohy

o New program:
REPRESENTATIONS DPG

NAMOAY: lovardi iahls PARPAR AR bmblana Af

¢ New program: BANDREP
04/2017: Band representations and Elementary
8and reprasentations of Double Space Groups.

¢ New section: Double point and space




\

Crystallographic

Databases

International Tables for

Crystallography

AHAVHOO TIVLSAYHO 10}

S3189VL 1VNOILVNYSLNI

AHAYHOOTIVLSAHO 10)
S318V.L TVNOILVNSILNI

AHAVEOO TIVLSAHO 10}
S3T19V.L TVNOILVNSEILNI




Crystallographic databases

Group-subgroup

relations Structural utilities

Representations of
point and space groups

Solid-state applications



bilbao crystallographic server

FCTIZTF
Contact us About us Publications How to cite the server
Space-group symmetry
GENPOS Generators and General Positions of Space Groups
WYCKPOS Wyckoff Positions of Space Groups
HKLCOND Reflection conditions of Space Groups
MAXSUB Maximal Subgroups of Space Groups
SERIES Series of Maximal Isomorphic Subgroups of Space Groups
ECM31-Oviedo Satellite WYCKSETS Equivalent Sets of Wyckoff Positions

NORMALIZER Normalizers of Space Groups

rystallography online: workshop on || KvEC The k-vector types and Brillouin zones of Space Groups

“:;3?::;:::?"8t:f"tom:_:t::?::al t SYMMETRY OPERATIONS Geometric interpretation of matrix column representations of symmetry operations

rystafiograp ~1 IDENTIFY GROUP Identification of a Space Group from a set of generators in an arbitrary setting

20-21 August 2018
Structure Utilities

IWS!
¢ New Article in Nature

0712017 Bradiyn et al, “Topological quantum Subperiodic Groups: Layer, Rod and Frieze Groups

chemistry” Nature (2017). 547, 208-305.

¢ New program: BANDREP

04/2017: Band representations and Elementary Structure Databases
8and representations of Double Space Groups.

o New section: Double point and space Raman and Hyper-Raman scattering
groups

o New program: DGENPOS
04/2017: General positions of Double
Space Groups

o New program:
REPRESENTATIONS DPG

NAMNAAY: lowardi iaha ranrcasanbatlane aAf

Point-group symmetry




International Tables for Crystallography (2016). Vol. A, Space group 14, pp. 252-259.

T
o0 5 o
l%a 5 P 21 / C Cp_;, 2/m Monoclinic
O
wi )
<ZE g No. 14 Pl 2|/Cl Patterson symmetry P12 /m |
)
o UNIQUE AXIS b, CELL CHOICE |
0P
% >_ Volum
o XX
w O 4 '
= < }
Z "'9 Spece-group Smmety o° o ao c;c o o°
/ | ] H
J ' ' - | | -
/ | I |
o o o = | ° | o
/ / | |
co o o’ o 1 = 1 Oc
i
o
b \
0\0, -O -O
) N 5. ;.
[+]
................... ;- i-
oo\o i )
/ | = O- o
i “
i
i

Origin a |
Asymmetric unit 0<x<l; 0<y<?: 0<z<|
Symmetry operations

(H 1 (2) 2(0.:.0) Oy} 3 1T 000 4)c xl.:z



CONTINUED No. 14 P2, /c

Generators selected (1) #(1,0,0); #(0,1,0); #(0,0,1); (2): (3)

Positions
Multiplicity, Coordinates Reflection conditions
Wyckoff letter,

Site symmeltry General:

4 e 1 (1) x,vz (2) X,y+ L7414 (3) 4,v,7 (4) x, ¥4 24 % hOl: | =2n
O0kO: k =2n
00/: | =2n
Special: as above, plus

2 d 1 L0, L0 hkl: k41=2n

2 ¢ 1 0,0,t 0,50 hkl: k +41=2n

2 b 1 10,0 14,0 hkl: k41=2n

2 a |1 0,0,0 0,41t hkl: k+41=2n

Symmetry of special projections

Along [001] p2gm Along [100] p2gg Along [010] p2

a=a b'=b a =b b =c¢, a =t¢ b’ = a

Origin at 0,0,z Origin at x,0,0 Originat 0,y,0

Space-group symmetry
Edited by Mois |. Aroyo
Sixth edition

7 for CRYSTALLOGRAPH
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Bilbao Crystallographic Server

- )
Problem: Matrix-column presentation GENPOS
Geometrical interpretation
g J
Generators and General Positions space group

_ Please, enter the sequential number of group as given in the
International Tabies for Crystallography, Vol. A or

" choose it

The space groups are specified by their

sequential number as gqiven in the
International Tables for Crystallography, Vol.
A. You can give this number, if you know it, or
you can choose it from the table with the | Show:
space groudp numbers and symbols if you
click on the button [choose it].

Generators only

All General
Positions

-

To see the data in a non conventicnal setting _ ‘
click cn [Non conventional Setting] or ~Standard/Default Satting Non Conventional Setting
TTA Qattinnel far rcherkinn the non

TA Settings




[Example GENPOS: Space group P2,/c (14) ]

Space-group
symmetry operations

short-hand notation

matrix-column (LV] 1 Wi, 3) (wl

. I‘Vgl 1V22 VV23 ()
presentation W WasWas ) \ws

Geometric interpretation

Seitz symbols

General positions

ITA 4 e 1 (1) x,y,z

d ata Symmetry operations

|

General Positions of the Group 14 (P24/c) [unique axis b]

Click here lo gst the general positions in text format

Symmetry operation
No. (x,y,2) form Matrix form
ITA Seitz
f{ 1 0 0 o0
1 XY.Z ([ o0 1 0 0 ) 1 {110}
\ 0 ¢ 1 0,
(=1 ¢ 0o D' )
2 X, y+1/2 24112 I\ g 1 ? 11{3) 2(0,1/2,0)0,y,174 | {2pq¢|01/21/2}
U = /
(=1 ¢ 0 0
3 XY,Z | 0-1 0 0 ) -10.0.0 {-110}
\ 0 0-1 0
{ 1 C 0 O
4 X,y 112,24 112 [ 6-1 0 1;2) @ {mpig | 0172 172}
\ 0 0 1 1/2

(D1 (2) 2(0,3,0) 0,y

() %,y+ 3,2+

3)1 0,0,0




SEITZ SYMBOLS FOR SYMMETRY OPERATIONS

short-hand description of the matrix-column presentations of
the symmetry operations of the space groups

- specify the type and the order of the symmetry
operation;

- orientation of the symmetry element by the direction of
the axis for rotations and rotoinversions, or the direction
of the normal to reflection planes.

1and 1 identity and inversion
m reflections
2,3, 4 and 6 rotations
3,4 and 6 rotoinversions

translation parts of the coordinate triplets of the General
position blocks




EXAMPLE

ITA description .

| xwz |1 1

2) | Yox=y,z | 3| 0,0,z | 33,
3) | X+y.X%z | 3 | 0,0,z | 3,
4 | x%yz | 2|00z | 2,
5) | »»X+y.z |6 | 0,0,z | 6y
6) | x-»xz | ¢ | 0,0,z | 6y
7) Vs X, Z 2 | %x0 | 2,
8) | x-»¥,2 | 2 | x00 | 2,
9) | xx+y,z | 2 | 0,0 | 2.,
10)| %%z |2 | xx0 | 2,
1) | X+y%.%2 | 2 | x2x0 | 2,
12) | %x-%Z | 2 | 2%x0 | 2,

13)| xy.z | 1] 1
149) | . x+y,z | 3+ | 0,0,z 3({01
15) | x=yxz | 3| 0,0,z | 3y,
16) | x, )2 m | xy0 | m,
17) | ¥x-.2 | 6 | 0,0,z | 6g
18) | x+y,%,Z | 67 | 0,0,z | 64,
19) ¥,X,Z m | X,z | m,
20) | x+y, ¥,z | m | 2%z | m
21) | %X=¥.2 | 'm | 2%,z | m,
2)| »xz  om | %%z | mg
23) | x-y.¥.2 | m | x0,z | m,
29) | x,x+y,z2 | m | O,y,2 | my,

Glazer et al. Acta Cryst A 70, 300 (2014)




&o|—

International Tables for Crystallography (2006). Vol. A, Space grol

| .Spa.c.e. gfbup P2,/c (No. 14)

EXAMPLE P2./c o 2/m 1

No. 14 Pl 21/0 1 Patterson sy.
OO O aC
] j UNIQUE AXIS b, CELL CHOICE 1
o/ i} ! Generators selected (1); ¢(1,0,0); ¢(0,1,0); ¢(0,0,1); (2); (3)
/ [
‘ ’ ’ Positions
/ [ Multiplicity, Coordinates
o o © Wyckoff letter,

Site symmetry

(1) x,3,z Q) X y+:.2+3 4) x, 7+ 3,2+

3)1 0.0,0

@) ¢ x. 3,z

seitz symbols || (1) {110} (2) {2010101/21/2} (3) {110} (4) {mo10l01/21/2}

) Symmetry operations
~ Geometric
interpretation ) (2) 2(0,3,0) 0,y,;



Bilbao Crystallographic Server

-

.
Problem: Geometric
Interpretation of (W,w)

SYMMETRY
OPERATION

J

This program calculates the geametric interpratation of

matrix column representation of symmetry operztion for a

given crystal syslem or space group.
Inpul.

i) The crystal system or the space group number.

if) Tha matrix celumn reprasentatian of symmetry opération.

I¥ you want to work an a non canventionzal setting click an

Non conventional setting. this will show you a form where
you have o introduce the transformat.on matrix relating the
convenlional selling of the group you have chosen with the

non conventional one you are interested in.
Qulput:

We obtain the geometric interpretat cn of the symmetry
operation.

Introduce the crystal system

& d

“monachnic

Cr anter the sequantial number of graup as given in the Intemationa! Tatles for

|
OO =

Crystallography. Vol. A R
Matrix calumn representabion of symmetry
operalion
Rotational part Translation
C 0 0
n matrix form 0 : 5 0
0 C 1 0
“Standard/Default Settng Non Conventional Setting | (ITA Settings |
l
'z 0
O O aO
91 ' 6/
0 0 o/ o o/
0 1/2 2 (0,1/2,0) 0,y,1/4 / [
-1 1/2 ‘




EXERCISES Problem 2.2 (cont.)

Construct the matrix-column pairs (VW,w) of the
following coordinate triplets:

(1) x,y,z (2) -x,y+1/2,-z+1/2

(3) X,-y,-z  (4) X,-y+1/2,z+1/2

Characterize geometrically these matrix-column pairs
taking into account that they refer to a monoclinic basis

with unique axis b (type of operation, glide/screw
component, location of the symmetry operation).

Use the program SYMMETRY OPERATIONS for the

geometric interpretation of the matrix-column pairs of
the symmetry operations.




EXERCISES

Problem 2.3

|. Characterize geometrically the matrix-column pairs

listed under General position of the space group
P4mm in ITA.

2. Consider the diagram of the symmetry elements of
P4mm.Try to determine the matrix-column pairs of
the symmetry operations whose symmetry
elements are indicated on the unit-cell diagram.

3. Compare your results with the results of the program
SYMMETRY OPERATIONS



GENERAL
AND

SPECIAL WYCKOFF
POSITIONS
SITE-SYMMETRY




Group Actions

A?;E%ﬁ@ (A group action)of a group Gon aset 2 = {w | w € R}

assigns to each pair (g, @) an object @' = g(w) of €2 such that the
following hold:

(i) applying two group elements g and g’ consecutively has the

same effect as applying the product g'g, ie( g(g(w)) =(g'g)(w)
(ii) applying the identity element e of G has no effect on o, ie.
or all w1in €2.

Orbit and Stabilizer

The set 0¥ := {g(w) | g € G} of all objects in the orbit of w is
called thelorbit of w under G

The set S;(w) := {g € G | g(w) = w} of group elements that do

not move the object w is a subgroup of G called the




General and special Wyckoff positions
Orbit of a point X, under G: G(Xo)={(W,w) Xo,(W,w)eG}
Multiplicity
Site-symmetry group So={(W,w)} of a point X,
(V\/’W)XO = Xo

(: " )’y‘ - Multiplicity: [P|/|So]

IEIE

Zo Zo

General position X, Special position X,
S={(1,0)}=1 S>1={(l,0),...,}
Multiplicity: |P| Multiplicity: |P|/|So|

Site-symmetry groups: oriented symbols



General position

(i) coordinate triplets of an image point X of

the original point X= [

z

under (W,w) of G

-presentation of infinite image points X under the

action of (W,w) of G

(ii) short-hand notation of the matrix-column pairs
(W,w) of the symmetry operations of G

-presentation of infinite symmetry operations of G
(Wiw) = (l,tn)(W,wo), 0=wio<I



General Position of Space groups

As coordinate triplets of an image point X of
the original point X=*{ under (W,w) of G

y

z

=

(LO)X  (Waw2)X .. (Wm,wn)X . (Wiwi) X
(Le)X  (Wawatt ) X ... (Wmwnmtt)X .. (Wiwitt)X
(L)X (Wawtt) X ... (Wmwmtt) X ... (Wiwitt) X

(L)X (Wawatt) X ... (Wmwntt)X ... (Wiwitt)X



Example: Calculation of the Site-symmetry groups

Positions
Multiplicity,
G I‘OUP P'I Wyckoff letter,
Sitc symmetry
0c> o b’o 2 1 1 (1) x,y.z
’ /
/ i
f
/ / 1 h 1 N
fe o e _
/’ [ g 1 0,3,3
/ Lo
a’o-—- o) o 1 e 1
S={(W,w), (Ww) X, = Xo} L d 1 1,0,0
-1 0 172 -1/ 1 ¢ 1 0.:,0
! 0 o| =|o 1 b 1 0.0, !
-1 o 1/2 ';/ )
1 a 1 0.0.0

Se={(1,0), (-1,101)X; = X3
St={l,-1}  isomorphic

Coordinate



EXERCISES

General and special Wyckoff positions of PAmm

8 g 1

Symmetry operations

(1) 1 2) 2 0,0,z
(5) m x,0,z 6) m 0,y,z

(3) 4" 0,0,z
(7) m x,x,z

(1) x,y,z (2) x,y,
S) x,y,2 (6)

4) 4 0,0,z
(8) m x,x,z

(4) »,%,2
(8) ,x,2

y Xy Z

L

0,

=

' &

X,X,2



Bilbao Crystallographic Server

( )

~ Wyckoff positions
Problem: Site-sg'mmetry roups WYCKPOS

5 Coordinate transformations )

Wyckoff Positions
space group

Please, enter the secuential number of group as g ven in Infernational Tables for
Crystallography, Vol. A cr choose it:

The scace groLps cre specificd by their number as given in the
Intematinnal Tahies for Crystallography, Val. A. You can give Bnis

number, if you know it, or you can choose it fram tre fahle with ("Stangard/Defas't Setting | ("Non Coaventicnal Setting | (TTA Setzings )
the space group numbers and symbols if you click cn the link

choose it.

1" yvwars asing this progeam in the preparaion ol a pepe, pease cile @ in e

falnwirg fo-m:

Arnyn, el al Zeltschinlt frmy Kostallageanhi= (2006), 2241, 15-27

x

ITA-Settings for the Space Group 68
Standard basis ITA

scs must b2 read by columns. P is the rransformation f

(a.b, ¢ln = (a, b, C)s P settin gS

ITA number Setting P pi
68 Ccce2forgr 1] ab,c a,b,c

TranSformat.IOn 68 Ae aalorgr 1] cab b,c,a
Of the baS|S B8 Bheblorgir 1] bea ¢,ab

B8 Ccce2forgr 2] abe ab,c
68 Aeaalorgn2] cab b,.c.,a
68 Bbeblorgn2] beca c,ab



22 .
Ccce Dg;, mmin Orthorhombicjigs
S0
~ / I~ o 5
No. 68 C 2 / c 2 /C 2 /e Patterson symmetry Crimm ': %
a O
: A - o = . - z -
16 i 1 (1) x,vz (2) £+ 3,7,z (3) X.v.7+4 (4) x+35.7,7+ ¢ i
(5) %,7.7 6) x| 5,72 (7) x. 5,21 1 (8) T4 3.9,z 11 '<T:|c>/__)
Z
o
h .2 L0,z 0,7+ 3 2.0,z 50,2+ 3 % O A
=
Z '-9 Space-group symmetry
g .2 0,4,z 0,4,7+4 0,3z 0,321+ -
fo.2 0,y Ly, L 0.3 Wyckoff Positions of Group 68 (Ccce) [origin chonce 2]
¢ 2. X, .In : X o 1 4 T: : l Wvckoff Site Coordinates
Multiplicity |*"Y
d T 0,0,0 100 0,0, otter |symmetry (0,0,0) + (1/2,1/2,0) +
_ | 16 ’ (x,y,z) (-x+1/2, yz) (-x,y,-z+1/2) (x+1/2,-y,-z+1/2)
LI LI a il |
c 1 22,0 51,0 SRk (-X,-y,-2) (X+1/2,y,-2) (%,-y,z+1/2) (-x+1/2,y,z+1/2)
b 222 0,1,: 0,1, 8 h .2 (1/4,0,2) (3/4,0,-z+1/2) (3/4,0,-z) (1/4,0,z+1/2)
4 2272 0.1 0.1 3 - g .2 (0,1/4,2) (0,1/4,-z+1/2) (0,3/4,-z) (0,3/4,2+1/2)
o i LI Y 1 49
- f 2. |(0,y,1/4) (1/2,-y,1/4) (0,-y,3/4) (1/2,y,3/4)
Space Group : 68 (Ccce) [origin choice Z 8 e 2.. (x,1/4,1/4) (-x+1/2,3/4,1/4) (-x,3/4,3/4) (x+1/2,1/4,3/4)
Point : (0,1/4,1/4)
Wyckoff Position : 4a 8 d -1 (0,0,0) (1/2,0,0) (0,0,1/2) (1/2,0,1/2)
8 C -1 1/4,3/4,0) (1/4,1/4,0) (3/4,3/4,1/2) (3/4,1/4,1/2
Site Symmetry Group 222 ( 0)( 0) (3/4,3/4,1/2) (3/4,1/4,112)
1 0 9 0 - b 222 (0,1/4,3/4) (0,3/4,1/4)
X,V,2 o 1 9 0 )
Y ( I 4 a ’(0,1/4,1/2)(0,3/4,3/4)
f =L & 0 Dy
XY, -zH112 | R ) 20,v,1/4
TR0 . :
Xy [ 8 1% Bilbao Crystallographic
( 1 0 C 0 \
Xy 11224142 \ R 2x.1/4,1/4 Server'
)




[ Example WYCKPOS: Wyckoff Positions Ccce (68) ]

|

r
- .

!

. 3

e

SRS - —

N.:; %

v

.h

A

4

f

i

3

2 x,1/4,1/4

. _l’
! 3
. X= 1/2 y= 14 Z=1/4
0..‘? ....... . _'
i - % Show |

Wyckoff position and site symmetry group of a specific point

Specify the point by its relative coordinates (in fractions or decimals)
Variable parameters (x,y,z) are also accepted

2 1/2,y,1/4

Space Group : 68 (Ccce) [origin choice 2]

Point : (1/2,1/4,1/4)
Wyckoff Position : 4b
Site Symmetry Group 222
1 0 0 0
vz 852 4 1
-1 0 0 1
x+1,y,-2+1/2 ( A 1‘32) 2 1/2,,1/4
-1 0 0 1
x+1,y+1/2,2 ( 0. 1{,2) 21/2,1/4,
1 0 0 0
X,-y+1/2,-2+1/2 ( o 155) 2x,1/4,1/4




EXERCISES Problem 2.4

Consider the special Wyckoff positions of the
the space group P4mm.

Determine the site-symmetry groups of Wyckoff

positions /a and |b. Compare the results with the
listed ITA data

The coordinate triplets (x,1/2,z) and (1/2,x,z),
belong to Wyckoff position 4f. Compare their
site-symmetry groups.

Compare your results with the results of the
program WY CKPOS.



DOUBLE SPACE
GROUPS



Double space groups

Space group G = {(R,v)}: coset decomposition with respect to T
G=(E,0)T+(Ro,v2) T + ... +(Rn,vn) T
The /double group 9G of G is defined by:
dG=(E,0)T+(E,0) T+(R2,v2) T+(R2,v2) T+ ... +(Rn,vn) T+(Rn,Vn)

Ri and R; are the elements of the double point group 9G
corresponding to the element R; of the point group of G,and T

is the translation subgroup of G.

. q the operations of G
Note: G %<9G that c%rrespond to G do not form a closed set

double translation subgroup 9T: 4T=(E,0)T+(E,0)T

T<J9G | 4G=(E,0)¢T+(Rao,v2) T+ ... +(Rn,vn)IT

T and 9T:abelian groups 4T=T®/{(E,0),(E,0)}



Double space groups

Action on a vector/point:  Rx = Rx

(Rv)X = (Rv)X

space group G

double space group 9G

(Ri,vi)(R2,v2)=(RiR2,R v2+vy) (Ri,vi)(R2,v2)=(RiR2,Rivatvy)
(Rl,V|)(Rz,vz) (R R2,Rivatvi)

(R|,V|)(R2,V2) (R Rz,R|V2+V|)
(Rl,V|)(R2,V2)—(R| R2,Riv2tv))



DOUBLE CRYSTALLOGRAPHIC
GROUPS

o bilbao crystallographic server

Contact us About us Publications How to cite the server
TR
'

SEIVEL = — -
Double point and space groups

g

ECM31-Oviedo Satellite
DGENPOS General positions of Double Space groups

allography online: workshop off REPRESENTATIONS DPG  Irreducible representations of the Double Point Groups
d applications of the structural _ _
he Bilbao Crystallographic Se REPRESENTATIONS DSG Irreducible representations of the Double Space Groups
DSITESYM Site-symmetry induced representations of Double Space Groups
20-21 August 2018 Compatibility relations between the irreducible representations of Double Space
Groups

BANDREP Band representations and Elementary Band representations of Double Space Groups

DCOMPREL

lew Article in Nature

1/2017: Bradlyn et al. “Topological quantum Subperiodic Groups: Layer, Rod and Frieze Groups

nemistry” Nature (2017). 547, 298-305.

lew program: BANDREP
4/2017: Band representations and Elementary
and reprasentations of Double Space Groups.




DGENPOS

Example

Double space group
P2,2,2,(19)

The symmetry operations
are specified by:

matrix representations

shorthand notation

X,y,z coordinate triplets
S1,82 SPIn components

Seitz symbols

Symbols of ‘double-group’ operations

Symmetry operations of the Double Space Group P242424 (No. 19)

' N

' Shorthand |

notation

XYz

12+x 122 "

Matrix presentation

(0.0,0)+s5e0

Seltz symbol®

{110,0,0}

{2004]172.0,12)

{2040/0.1/2,1/2)

{2400l7/2,1/2.0}

191)0.0,0}

(O 20011112,0,1/2}

{®26300,1/2,412}

{(®24001112,112.0}




CO-ORDINATE
TRANSFORMATIONS
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CRYSTALLOGRAPHY




[ Co-ordinate transformations in crystallography ]

3-dimensional space

5 L (a, b, c), origin O: point X(z,y, 2)
®p) |
. . . . (a’,b’,c’), origin O’: point X (2,9, 2’)

Transformation matrix-column pair (P.p)

(i) linear part: change of orientation or length:

(a’,b’,c¢') = (a,b,c)P
Py P Piz\ =(Pua+Pyb+ P,
= (a,b,c)| Py Py Py Ppa + Pnb + P,
P31 Pz Ps3 Piza + Pyb + Pssc).

(ii) origin shift by a shift vector p(p1,p2,p3):

y — the origin O’ has
O=0+p coordinates (pi,p2,p3) in
the old coordinate system



b (a',b',c")=(a,b,c)

X (a,b,c)=(a',b',c")

X =(3/4,1/4,0)

X' - (2

Write “new in terms of old” as column vectors.



EXAMPLE

X =(3/4,1/4,0)

X'= (20

Linear parts as before.



Transformation matrix-column pair (P.p)

_ 1/211/2( O 1/2 | | | O | |14
(Pp)=( [2[12] 0] |14 Pp)'=( 7110 [
0| 0| I 0 0|0 I 0
a’=1/2a-1/2b > asatD’
’=1/2a+1/2b b=-a’+b’
cd=c a’/;/)\f’ c=¢’
— a -1/4
O’=0+ |14 O0=07+ -3(;4
0




Co-ordinate transformations in crystallography

Transformation of space-group operations (W,w) by (P,p):

(Ww)=(Ep) ' (Ww)(Fp)

Structure-description transformation by (P,p)

metric G| G=PtG P

tensor

(X)=(Bp) (X
=(P1,-PTp)(X)

Pl2

PI3

D

P22

P23

X- Pl
’ P2
y 4 P3I

P32

P33

\-/'
N [~ | X




Short-hand notation for the description
of transformation matrices

Transformation matrix: (a,b,c), origin O

Pii | P2 | Pis [| pl

® (P,P)= P2i | P22 | P23 | p2

P31 | Ps2 | P33 (| p3

(a’,b’,¢?), origin O’

-written by columns
notation rules: -coefficients 0, +1, -1

-different columns in one line
-origin shift

I -1 -1/4

example:  —— { a+b, -a+b, ;- 1/4,-3/4,0




EXERCISES Problem 2.5

The following matrix-column pairs (W,w) are
referred with respect to a basis (a,b,c):

(1) x,y,z (2) -x,y+1/2,-z+1/2
(3) -X,-y,-z  (4) x,-y+1/2,z+1/2
(i) Determine the corresponding matrix-column pairs

(W’,w’) with respect to the basis (a’,b’¢’)= (a,b,c)P,
with P=c¢,a,b.

(ii) Determine the coordinates X’ of a point X= [ %7
with respect to the new basis (a’,b’,c’). 031
0,95

Hints (W .w)=(Pp)-'(Ww)(Pp)
(X)=(Pp) ' (X)



Problem: Co-ordinate transformations
in crystallography

(" )

Generators GENPOS

General positions

\_

\_

r - o - e » ~ "
enerators/Ceneral Positions

Bilbao Crystallographic Server

~Help

Generators and General Positions

space group

_ Please, enter the sequential number of group as given in the Intemational "
Tables for Crystallography, Vol. A or choos

The space groups are specified by their number as given
in the Intemational Tables for Crystallography, Vol. A. You
can give this number, if you know it, or you can choose it

from the table with the space group numbers and symbols e Generators only »
if you click on the button [choose it] - ' All General Positions
To see the data in a non conventional setting click on

[Non conventicnal Setting). Otherwise, click on

[Conventional Setting] Conventional Setting | Non Conventional Setting | ITA Settings |

[ Bilbao Crystallographic Server Ma

Bibao Crystallographic Server
hetp://www.cryst.ehu.es

For comments, please mail to

cryst@wm. lc.ohy.es

Transformation I TA-settings
of the basis symmetry data



ITA-Settings for the Space Group 15

Note:The transformation matrices must be read by columns. P is the transformation from standard to the ITA-setting.

Example GENPOS:

(a, b, c)n = (a, b, c)5 P

ITA number Setting P p

15 C12c1 a,b,c a,b,c
15 A12n1 -a-c,b,a c,b,-a-c

15 /[12/a1 c¢,b,~a-c -a-c,b,a
default setting C12/c| 5 A121 cba coba
15 c12n1 a,-b,~a-c a,-b,a-c
15 /12/c1 -a-c,-b,c -a-c,-b,c
I 15 A112/a c,ab b,c,a
15 B112/n a-a-c,b a,c,-a-b
(V\/,W)A| |2/a= 15 /112/b -a-c,c,b -a-b,c,b
15 B112/b a,cb a,-c,b
(P’P)-I (VV’W)C 12/c (P’P) 15 A112/n -a-c,a,-b b,-c,-a-b
15 /112/a c,-a-c,-b -a-b,-c,a
15 B2b11 b,c,a c,ab
v 15 C2in11 b,a,-a-c b,a,-b-c
15 /2/lc11 b,-a-c,c -b-c,a,c
final setting Al 12/a 15 C211 -bac beac
15 B2/n11 -b,~a-c,a c,-a,~b-c

15 /12/b11 -b,c,-a-c -b-c,-a,b



Example GENPOS: |ITA settings of C2/c(15) ]

The general positions of the group 15 (A1 1 2/a)

; Standard/Default Setting C2/c ITA-Setting A 11 2/a
(x,y,z) form matrix form |symmotry operation (x,y,z) form matrix form |symotry operation
1 0 0 0) 1 0 0 D
X, W2z 0o 1 0 0 ) 1 XYz c 1 0 0 ) 1
o 0 1 o) c o 2 )
-1 0 0 0o -1 0 0 L72 N
-X, Y, -z+1/2 o 1 0 0 ) 20y 4 -X+1/2, -y. 2 c -1 o 0 ' 214.C.z
0 0 -1 1/2 c o 2 2 )
-1 0 0 0 -1 0 0 0
X. Y. Z 0o-1 ¢ o] 10,0.0 X, Y, Z c -1 0 0D ) 10,00
o 0-1 o) c 0 =1 )
0 0 o 1 0 0 172\
X, Y, 2+7/2 0-1 0 o ) ¢ X0z X+1/2, Y, -2 c 1 o o | a x.y.0
o 0 1 1/2, c o0 =1 2
1 0 0 1s2) 1 0 0 2\
X+1/2, y+1/2, 2 o L 0 1/2 ) t(1/2,1/2,0) X, y+1/2, 2+1/2 c 1 o L/z ’ t(0,7/2,1/2)
o 0 1 o ¢c o 1 1/2,
-1 0 0 1/2) -1 0o o 172 \
X+1/2, y+1/2, -2+1/2 g 5 g ;{;’ ) 2(0,1/2,0) 14,9, 174 |-x+1/2, -y+".2, Z+1/2 lé -3 0 i;: ’ 2(0,01/2) 1/14,1/4 2
- i< ) - =
-1 0 0 1/2) -1 0o o0 0 \
-x+1j2, -y+1/2, -z 0 -1 0 1/2 ) -1 1!4,1/4,0 -X, -y+1/2, -z+1)2 ¢ =1 0 1/3 ’ -1C,1/4,1/4
0o 0-1 0 c o0 -1 1/3)
1 0 0 1/2) 1 0 0 1/2 \
x+1/2, -y+1/2, z+1/2 0 -1 0 1/2 ) ni1/2,0,"/2) x,1/4,z |x=1/2, y+1/2, -z+1/2 c 1 0  1/3 ’ n(/2,1/2,0) x,y,1/4
o 0 1 1/2 c o0 -1 1/32)

default setting

Al l2/a setting



EXERCISES Problem 2.5

Consider the space group P2,/c (No. 14). Show that the
relation between the General and Special position data of
P112,/a (setting unique axis c ) can be obtained from the data
Pl2,/cl(setting unique axis b ) applying the transformation
(a’,b’c’)c = (a,b,c)bP, with P= c,a,b.

Use the retrieval tools GENPOS (generators and general
positions) for accessing the space-group data. Get the data
on general positions in different settings either by
specifying transformation matrices to new bases, or by
selecting one of the 530 settings of the monoclinic and
orthorhombic groups listed in ITA.



EXERCISES Problem 2.6

Use the retrieval tools GENPOS or Generators and General
positions, for accessing the space-group data on the Bilbao
Crystallographic Server or Symmetry Database server. Get the
data on general and special positions in different settings
either by specifying transformation matrices to new bases,
or by selecting one of the 530 settings of the monoclinic
and orthorhombic groups listed in I TA.

Consider the General position data of the space group Im-3m
(No. 229). Using the option Non-conventional setting obtain the
matrix-column pairs of the symmetry operations with
respect to a primitive basis, applying the transformation
(a’,b’,c’) = |/2(-a+b+c,a-b+c,a+b-c)



