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Topology in Chemistry

Molecules with different chiralities can have
different physical and chemical properties



Topology in Chemistry

Aromatic compounds 
• Aromatic with (4 n + 2 ) p-electrons 
• The symmetry counts



Topology in Chemistry

Magic electron numbers

Hückel:
4n+2 aromatic
4n antiaromatisc

Möbius
4n aromatic
4n+2 antiaromatic



Hückel and Möbius Aromaticity
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Topological electronic materials are new quan-
tum states of matter hosting novel linear re-
sponses in the bulk and anomalous gapless states
at the boundary, and are for scientific and ap-
plied reasons under intensive research in physics
and in materials sciences[1–4]. The detection
for such materials has so far been hindered by
the level of complication involved in the calcula-
tion of the so-called topological invariants, and
is hence considered a specialized task that re-
quires both experience with materials and exper-
tise with advanced theoretical tools. Here we in-
troduce an effective, efficient and fully automated
algorithm in obtaining the topological invariants
for all non-magnetic materials that are known to
human, based on recently developed principles[5]
that allow for exhaustive mappings between the
symmetry representation of occupied bands and
the topological invariants[6–8]. Our algorithm re-
quires as input only the occupied-band informa-
tion (energy and wavefunction) at a handful (up
to eight) of high-symmetry points in the Brillouin
zone, which is readily calculable with any first-
principles software. In return, it is capable of
providing a detailed topological classification of
all non-magnetic materials. Equipped with this
method we have scanned through a total of 39519
materials available in structural databases[9–11],
and found that as many as 8056 of them are ac-
tually topological (8889 if spin-orbital coupling
is neglected). These are further catalogued into
classes of 5005 topological semimetals[12, 13],
1814 topological insulators[14–16] and 1237 topo-
logical crystalline insulators[17], most of which
are new to human knowledge. All the results are
available and searchable at http://materiae.iphy.
ac.cn/; and for each topological material, we have
plotted the band structure as well as the local
density of states, shown on the same website.

⇤ These authors contributed to this work equally.
† hmweng@iphy.ac.cn
‡ cfang@iphy.ac.cn

I. CONTEXT

We begin by giving further context of the research by
briefly introducing the recent development in the field.
In the past decade, great progress has been made to un-
derstand the nontrivial topology in a band structure. In
any band structure having direct gap at all momentum,
new quantum numbers known as topological invariants
can be defined in terms of the wavefunctions of all va-
lence bands. Topological invariants are the defining prop-
erties of all topological materials. The type and form
of the invariants depend on the dimensionality and the
symmetry of the system. In chronological order, time-
reversal symmetry was first found to protect a Z2 in-
variant in two[14, 15] and three dimensions[16], soon fol-
lowed by crystalline symmetries such as inversion[18, 19]
(parity), mirror planes[20, 21], and others, each of ni-
which brings in some new and independent topological
invariant[7, 17, 22–29]. A full characterization of the
topology of a given crystal hence amounts to listing all
these invariants protected by all elements in the corre-
sponding space group (SG).

Parallel to this line of progression is the emergence of
the field of topological semimetals[4, 30], where the con-
duction and the valence bands have band crossings, i. e.,
topological nodes, robust against symmetry-preserving
perturbations. Depending on the degeneracy and dimen-
sionality of the nodes, topological semimetals are further
classified into nodal-point and nodal-line semimetals. A
topological semimetal is characterized by the number and
the type of all its band crossings.

Numerical prediction of topological materials thus re-
quires the evaluation of all topological invariants or the
identification of all topological nodes, both of which re-
quire lengthy and involved calculation. The challenge
have prevented people from doing a thorough scanning
for topological materials, and successful examples have
been mostly ascribed to experience and intuition of ex-
perienced researchers.

A series of recent theoretical works have greatly im-
proved the situation by finding the complete mapping
from the irreducible representations of valence bands to
topological invariants and topological nodes[5–8, 29, 31].
By recognizing that these theories can be fused together
with first principles numerical methods, the latter of
which provide the input for the former, here we develop
a fully automated search algorithm that can readily be
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Topological Quantum Chemistry (TQC) links the chemical and symmetry structure of a given
material with its topological properties. This field tabulates the data of the 10398 real-space atomic
limits of materials, and solves the compatibility relations of electronic bands in momentum space.
A material that is not an atomic limit or whose bands do not satisfy the compatibility relations, is a
topological insulator/semimetal. We use TQC to find the topological stoichiometric non-magnetic,
“high-quality” materials in the world. We develop several code additions to VASP which can com-
pute all characters of all symmetries at all high-symmetry points in the Brillouin Zone (BZ). Using
TQC we then develop codes to check which materials in ICSD are topological. Out of 26938 sto-
ichiometric materials in our filtered ICSD database, we find 2861 topological insulators (TI) and
2936 topological semimetals (2505 and 2560 non-f electron, respectively). Our method is uniquely
capable to show that none of the TI’s found exhibit fragile topology. We partition the topological
materials in different physical classes. For the majority of the 5797 “high-quality” topological mate-
rial, we compute: the topological class (equivalence classes of TQC elementary band representations
- equivalent to the topological index), the symmetry(ies) that protects the topological class, the rep-
resentations at high symmetry points and the direct gap (for insulators), and the topological index.
For topological semimetals we then compute whether the system becomes a topological insulator
(whose index/class we compute) upon breaking symmetries - useful for experiments. 2152 more TI’s
are obtained in this way. For almost all 5065 non-f-electron topological materials, we provide the
electronic band structures, allowing the identification of quantitative properties (gaps, velocities).
Remarkably, our exhaustive results show that a large proportion ( ∼ 24% !) of all materials in nature
are topological (confirmed by calculations of “low-quality” materials). We confirm the topology of
several new materials by Wilson loop calculations. We added an open-source code and end-user
button on the Bilbao Crystallographic Server (BCS) which checks the topology of any material. We
comment on the chemistry of each compound and sample part of the “low-quality” ICSD data to
find more materials.

How many topological materials exist in nature? What
are they? What is their abundance? The remarkable field
of topological insulators and semimetals has combined
deep theoretical insights with almost immediate mate-
rial predictions and their experimental discovery. Since
the start of the field of topological insulators 13 years ago
[1–3], the prevalent thought in the physics and chemistry

∗ These authors contributed equally to this work.
† bernevig@princeton.edu
‡ zjwang@princeton.edu

community is that topological materials represent an in-
finitesimal proportion of the whole number of materials
existing in nature. Even though it led to a comparatively
large number of successes, the method of predicting new
topological classes and corresponding materials is based
on educated guesses. In this way, Time-Reversal [2, 3],
Mirror symmetric, Non-Symmorphic topological insula-
tors [4, 5] and Dirac [6, 7], Weyl [8–11], Nodal Chain [12],
New Fermions [13] and many others have been predicted
in realistic materials. However, the deficiencies of the
method are clear: only 10-20 topological semimetals have
been realistically predicted so far. The underlying prob-



Bilbao crystallographics server



http://materiae.iphy.ac.cn



• Explorative search for new materials & predictive design (Yan Sun)
• 200 high quality single crystal growth (Shekhar Chandra)
• Epitaxial growth of thin films (Anastasious Markou)
• 2D materials – Nanowires (Johannes Gooth)

Novel topological materials



Trivial and Topological Insulators 
Trivial semiconductor

CdS
Topological Insulator
Without spin orbit coupling

Topological Insulator
Withspin orbit coupling

M. C. Escher



Topological Insulators



First prediction in graphene by Kane  

Kane and  Mele, PRL 95, 146802 (2005)

Topological Insulators

λSOC~ Z2 for valence shells 

Heavy insulating elements?

Strained a-Sn and Bi-bilayer



First prediction in graphene by Kane  

Kane and  Mele, PRL 95, 146802 (2005)
Bernevig, et al., Science 314, 1757 (2006)

Bernevig, S.C. Zhang, PRL 96, 106802 (2006)
König, et al. Science 318, 766 (2007)

Topological Insulators

Heavy insulating binaries 



-

-

Quantum Spin Hall

+

-

3D: Dirac cone on the surface
2D: Dirac cone in quantum well

Bernevig,et al., Science 314, 1757 (2006)
Bernevig, S.C. Zhang, PRL 96, 106802 (2006)

König, et al. Science 318, 766 (2007)

Inert pair effect



Starting with Bismuth 
Bi-Sb Legierungen
Bi2Se3 und verwandte Strukturen

Moore and  Balents, PRB 75, 121306(R) (2007)
Fu and Kane, PRB 76, 045302 (2007)
Murakami, New J. Phys. 9, 356 (2007)
Hsieh, et al., Science 323, 919 (2009)
Xia, et al., Nature Phys. 5, 398 (2009); Zhang, et al., Nature Phys. 5, 438 (2009)

Topologische Isolatoren



3D topological insulators
Bi-Sb alloy

Bi
2
Se

3
and relatives

Theory and experiment

Moore and  Balents, PRB 75, 121306(R) (2007)

Fu and Kane, PRB 76, 045302 (2007)

Murakami, New J. Phys. 9, 356 (2007)

Hsieh, et al., Science 323, 919 (2009)

Xia, et al., Nature Phys. 5, 398 (2009); Zhang, et al., Nature Phys. 5, 438 (2009)



Claudia Felser and Xiao-Liang Qi , Guest Editors, MRS Bull. 39 (2014) 843.

Materials 

Tl+1 Sn2+ Bi+3

Inert pair effect



Trivial and topological insulators 
Trivial semiconductor

CdS
Topological Insulator
Without spin orbit coupling

Topological Insulator
Withspin orbit coupling

Sufficient condition: 
Parity change 

Centro symmetric         Eigenvalues
Noncentro sym.            Z2 classification

-

Inert pair effect



Crystal structure



Definitions



Graphene



230 space groups

Space groups



ICSD data base



• Closed packed structures
– Cubic 
– Hexagonal 

The anion (neg. charged atom and therefore big) 
builds the closed packed structure
The cation is found in the voids



How structures are made 

hexagonal close packing

cubic close packing

Anions always are the
largest spheres, they build
a closed packed lattice

In oxides: O2-



How structures are made: holes 

Anions always are the largest spheres, 
they build a closed packed lattice

Cations are stuffed in the holes



Simple ionic structures



Filled voids in the hexagonal lattice



Formula Type/fraction of sites occ. HCP CCP

AB All octahedral NiAs
Nickel Arsenide

NaCl 
Rock Salt

Half tetrahedral ZnS
Wurtzite

ZnS 
Zinc Blende

A2B All tetrahedral Not known CaF2/Mg2Si

(Fluorite/Anti-
Fluorite)

A3B All octahedral & tetrahedral Not known Li3Bi

AB2 Half octahedral 
(Alternate layers full/empty)

CdI2
Cadmium Chloride

CdCI2
Cadmium Chloride

Half octahedral (ordered
framework arrangement)

CaCl2
TiO2 (Rutile)

TiO2 (Anatase)

AB3 1/3 octahedral 
Alternate layers 2/3 empty

BiI3 AlCl3

A2B3 2/3 octahedral 
(Ordered framework)

Al2O3 /FeTiO3

Corundum/Ilmenite



Layered structure



Formula Type/fraction of sites occ. HCP CCP

AB All octahedral NiAs
Nickel Arsenide

NaCl 
Rock Salt

Half tetrahedral ZnS
Wurtzite

ZnS 
Zinc Blende

A2B All tetrahedral Not known CaF2/Mg2Si

(Fluorite/Anti-
Fluorite)

A3B All octahedral & tetrahedral Not known Li3Bi

AB2 Half octahedral 
(Alternate layers full/empty)

CdI2
Cadmium Chloride

CdCI2
Cadmium Chloride

Half octahedral (ordered
framework arrangement)

CaCl2
TiO2 (Rutile)

TiO2 (Anatase)

AB3 1/3 octahedral 
Alternate layers 2/3 empty

BiI3 AlCl3

A2B3 2/3 octahedral 
(Ordered framework)

Al2O3 /FeTiO3

Corundum/Ilmenite



Filled fcc

Diamond ZnS Heusler XYZ C1b X2YZ L21

2 interpenetrating fcc
with half of the tetrahedral 

sites filled

3 interpenetrating fcc 4  interpenetrating fcc
half of the tetrahedral sites all tetrahedral sites filled
and the octahedral sites and the octahedral sites 



-

-

Quantum Spin Hall

+

-

3D: Dirac cone on the surface
2D: Dirac cone in quantum well

Bernevig,et al., Science 314, 1757 (2006)
Bernevig, S.C. Zhang, PRL 96, 106802 (2006)

König, et al. Science 318, 766 (2007)

Inert pair effect



Diamond ZnS Heusler XYZ C1b

3 + 5 = 8 2 + 6 = 8

Hg Te

ZnLi

1 + 2 + 5 = 8

Sb

Heusler compounds



3 + 5 = 8 2 + 6 = 8

Synthesis

Zr

Hg

Ni

4 + 10 + 4 = 18

Te

Sn

Counting electrons
From wide  to low band gap  semiconductor 

MgLi

1 + 2 + 5 =  8

As

2 s 
6 p

10 d

14 f

Graf, Felser, Parkin, Progress in Solid State Chemistry 39 1 (2011)
Kandpal et al.,  J. Phys. D 39 776 (2006)

RE Pt

3 (+fn) + 10 + 5 = 18 + n

Bi



Ionic and covalent structure



ScNiSb

LaPtBi
LaPtBi

S. Chadov et al., Nat. Mater. 9 541 (2010).
H. Lin et al., Nat. Mater. 9 546 (2010).

Predicting topological insulators



From Orbitals to Bands

Energy bands in solids arise from overlapping atomic orbitals
Þ crystal orbitals (which make up the bands)  

Recipe: use LCAO (tight binding) approach
Crystal = regular periodic array Þ translational symmetry

Find wavefunction for an electron moving along a circle of atoms
Circular symmetry Þ apply periodic boundary conditions

Hoffmann  Angewandte. Chem.  26 (1987) 846



How to find a band structure 

Hoffmann  Angewandte. Chem.  26 (1987) 846

We start from atomic orbitals – localized picture: linear chain of hydrogen atoms
Using the translational symmetry of the solid we can set up the n terms of
symmetry with a 1s basis function for two special values of k

Test with a 1s basis function for two special values of k

E(k)

k p/a0

E

       n

       n
       k = 0

Y   S c=  e  
pin   

n = -1) = -  +  -  .....S ( c c c  c   c
n  

n        0 1 2 3     p
a

       k = pa        n

0
       n



How to find a band structure 

Hoffmann  Angewandte. Chem.  26 (1987) 846

E(k)

k p/a0

E

       n

       n
       k = 0

Y   S c=  e  
pin   

n = -1) = -  +  -  .....S ( c c c  c   c
n  

n        0 1 2 3     p
a

       k = pa        n

0
       n

Y0   +
    

=  +   .....  0  c c  c +  c+  1 2 3  

p
a

Y   + -   +
    

= -     ..  0    c c  c   c  1 2  3
E

p/a

The topology of the orbital interaction determines how a band runs

k = 0 bonding interaction Þ band runs „uphill“

k = 0 antibonding interaction Þ band runs „downhill“



Why is Hydrogen a molecule

Hoffmann  Angewandte. Chem.  26 (1987) 846

Peierls Distortion



Square nets



Square nets  of electron doped Bi

Barry Bradlyn, L. Elcoro, Jennifer Cano, M. G. Vergniory, Zhijun Wang, C. Felser, M. I. Aroyo, B. Andrei Bernevig, Nature (2017) 



Graphene

• Graphene’s conductivity exhibits values close to the 
conductivity quantum e2/h per carrier type

• Graphene’s charge carriers can be tuned 
continuously between electrons and holes in 
concentrations n = 1013 cm–2

• Mobilities μ can exceed 15,000 cm2 V–1 s–1 under 
ambient conditions

• InSb has μ ≈77,000 cm2 V–1 s–1

Geim, A. K. & Novoselov, K. S. The rise of graphene. Nature Mater. 6, 183 (2007).



sp2-Hybrid 

Graphene 





Graphene

pz, p, K: non-bonding pz, p*, K: non-bonding

pz, p, M: bonding pz, p, M*: anti-bonding 



KHgSb

HgTe

a Ag2Te LaPtBi

Li2AgSb
AuTlS2

b Ag2Te

Structure to Property

Müchler, et al., Angewandte Chemie 51 (2012) 7221. 



HgTe

LaPtBi

Li2AgSb   

a Ag2Te   

b Ag2Te   

AuTlTe2

Graphite 

G M    K G

LiAuTe

KHgSb

Müchler, et al., Angewandte Chemie 51 (2012) 7221. 

K         G A H

N      G Z X

L           G X

L           G X
L           G X

L           G X

G D     B           A K         G A H

Struktur und elektronische Struktur



AuTlTe2

Müchler, et al., Angewandte Chemie 51 (2012) 7221. 

N         G Z   X

Structure and electronic structure
En

er
gy

 (e
V)

-0.5

-0.0

0.5

M Γ X

S terminal



KHgSb

HgTe

a Ag2Te LaPtBi

Li2AgSb
AuTlS2

b Ag2Te

Structure to Property

Müchler, et al., Angewandte Chemie 51 (2012) 7221. 



Honeycomb from sp3 to sp2

Zhang, Chadov,  Müchler,  Yan, Qi,  Kübler,  Zhang, Felser, Phys. Rev. Lett. 106 (2011) 156402 arXiv:1010.2195v1

Band inversion is found in the heavier
compounds
No surface state?  Why ?

Interaction between the two
layers in the unit cell and two Dirac 
Cones



a)

b)



Honeycomb: Weak TI

Yan, Müchler, Felser, Physical Review Lett.  109 (2012) 116406



Hourglass 

Wang et al. Nature 2016 unpublished results



Topology – interdisciplinary

LaBii

Chemistry   Physics
Real space - local Recipro. space - delocalized
Crystals Brillouin zone

Crystal structure Symmetry Electronic structure

Position of the atoms Local symmetry Band connectivity

Inert pair effect Relativistic effects      Dirac equation,Darwin term

Barry Bradlyn, L. Elcoro, Jennifer Cano, M. G. Vergniory, Zhijun Wang, C. Felser, M. I. Aroyo, B. Andrei Bernevig, Nature (2017) 



Topological Metals 



Rewriting the text book: Au

Binghai Yan at al., Nature Communication 6 (2015) 10167



Rewriting the text book: Au

Binghai Yan at al., Nature Communication 6 (2015) 10167 

Cs+Au-
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TOPOLOGICAL MATTER

Beyond Dirac and Weyl fermions:
Unconventional quasiparticles in
conventional crystals
Barry Bradlyn,* Jennifer Cano,* Zhijun Wang,* M. G. Vergniory, C. Felser,
R. J. Cava, B. Andrei Bernevig†

INTRODUCTION: Condensed-matter systems
have recently become a fertile ground for the
discovery of fermionic particles and pheno-
mena predicted in high-energy physics; exam-
ples includeMajorana fermions, aswell asDirac
and Weyl semimetals. However, fermions in
condensed-matter systems are not constrained
by Poincare symmetry. Instead, they must only
respect the crystal symmetry of one of the
230 space groups. Hence, there is the po-
tential to find and classify free fermionic
excitations in solid-state systems that
have no high-energy counterparts.

RATIONALE: The guiding principle of
our classification is to find irreducible
representations of the little group of lat-
tice symmetries at high-symmetry points
in the Brillouin zone (BZ) for each of the
230 space groups (SGs), the dimension of
which corresponds to thenumberofbands
that meet at the high-symmetry point. Be-
cause we are interested in systems with
spin-orbit coupling, we considered only
the double-valued representations, where
a 2p rotation gives a minus sign. Further-
more, we considered systems with time-
reversal symmetry that squares to –1. For
each unconventional representation, we
computed the low-energy k · p Hamil-
tonian near the band crossings by writ-
ing down all terms allowed by the crystal
symmetry. This allows us to further dif-
ferentiate the band crossings by the
degeneracy along lines and planes that
emanate from the high-symmetry point,
andalso to compute topological invariants.
For point degeneracies, we computed the
monopole charge of the band-crossing; for line
nodes, we computed the Berry phase of loops
encircling the nodes.

RESULTS: We found that three space groups
exhibit symmetry-protected three-band cross-
ings. In two cases, this results in a threefold
degenerate point node, whereas the third case
results in a line node away from the high-

symmetry point. These crossings are required
to have a nonzero Chern number and hence
display surface Fermi arcs. However, upon ap-
plying a magnetic field, they have an unusual
Landau level structure, which distinguishes
them from single and double Weyl points.
Under the action of spatial symmetries, these
fermions transform as spin-1 particles, as a

consequence of the interplay between nonsym-
morphic space group symmetries and spin.
Additionally, we found that six space groups
can host sixfold degeneracies. Two of these
consist of two threefold degeneracies with
opposite chirality, forced to be degenerate by
the combination of time reversal and inver-
sion symmetry, and can be described as “six-
fold Dirac points.” The other four are distinct.

Furthermore, seven space groups can host
eightfold degeneracies. In two cases, the eight-
fold degeneracies are required; all bands come
in groups of eight that cross at a particular
point in the BZ. These two cases also exhibit
fourfold degenerate line nodes, from which
other semimetals can be derived: By adding
strain or a magnetic field, these line nodes
split intoWeyl, Dirac, or line node semimetals.

For all the three-, six-, and
eight-band crossings, non-
symmorphic symmetries
play a crucial role in pro-
tecting the band crossing.
Last,we foundthat seven

space groups may host
fourfold degenerate “spin-3/2” fermions at
high symmetry points. Like their spin-1 coun-
terparts, these quasiparticles host Fermi sur-
faces with nonzero Chern number. Unlike the
other cases we considered, however, these fer-
mions can be stabilized by both symmorphic
and nonsymmorphic symmetries. Three space
groups that host these excitations also host un-
conventional fermions at other points in the BZ.

We propose nearly 40 candidate mate-
rials that realize each type of fermion
near the Fermi level, as verified with ab
initio calculations. Seventeen of these
have been previously synthesized in single-
crystal form, whereas others have been
reported in powder form.

CONCLUSION: We have analyzed all
types of fermions that can occur in spin-
orbit coupled crystals with time-reversal
symmetry and explored their topological
properties.We found that there are several
distinct types of such unconventional ex-
citations, which are differentiated by their
degeneracies at and along high-symmetry
points, lines, and surfaces. We found na-
tural generalizations ofWeyl points: three-
and four-band crossings described by a
simple k · S Hamiltonian, where Si is
the set of spin generators in either the
spin-1 or spin-3/2 representations. These
points carry a Chern number and, con-
sequently, can exhibit Fermi arc surface
states. We also found excitations with
six- and eightfold degeneracies. These
higher-band crossings create a tunable
platform to realize topological semimetals
by applying an external magnetic field or
strain to the fourfold degenerate line

nodes. Last, we propose realizations for each
species of fermion in known materials, many of
which are known to exist in single-crystal form.▪

RESEARCH
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The list of author affiliations is available in the full article online.
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†Corresponding author. Email: bernevig@princeton.edu
Cite this article as B. Bradlyn et al., Science 353, aaf5037
(2016). DOI: 10.1126/science.aaf5037

Fermi arcs from a threefold degeneracy. Shown is the
surface density of states as a function of momentum for a
crystal in SG 214 with bulk threefold degeneracies that
project to (0.25, 0.25) and (–0.25, –0.25). Two Fermi arcs
emanate from these points, indicating that their monopole
charge is 2. The arcs then merge with the surface projection
of bulk states near the origin.
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Read the full article
at http://dx.doi.
org/10.1126/
science.aaf5037
..................................................
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Science, 353, 6299, (2016)

New Fermions 

Ag3Se2Au, Ba4Bi3

Fermions in condensed-matter systems are not 
constrained by Poincare symmetry. Instead, 
they must only respect the crystal symmetry of 
one of the 230 space groups. Hence, there is 
the potential
to find and classify free fermionic
excitations in solid-state systems that
have no high-energy counterparts.

What comes next? Magnetic Space groups 



Universe – applying a lattice 

Carlo Beenakker Commentary 
Heisenberg (1930): We observe space as a continuum, but we might 
entertain the thought that there is an underlying lattice and that 
space is actually a crystal. Which particles would inhabit such a 
lattice world? Werner Heisenberg Gitterwelt (lattice world) hosted 
electrons that could morph into protons, photons that were not 
massless, and more peculiarities that compelled him to abandon 
“this completely crazy idea”



Non symmorphic crystal structures

•non-symmorphic: elements with fractional lattice 
translations 



http://materiae.iphy.ac.cn
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