
Exercises and References for TMS Satelite Course 2018

Barry Bradlyn1

1Department of Physics and Institute for Condensed Matter Theory,
University of Illinois at Urbana-Champaign, Urbana, IL, 61801-3080, USA

(Dated: August 25, 2018)

I. PARAMETRIC HAMILTONIANS AND PARALLEL TRANSPORT

1. Consider a parametric family of Hamiltonians H(λ) with discrete spectrum. Show that the projector P (λ) onto
the N states with energies {En(λ)|n = 0, 1 . . . , N} can be written as

2πiP (λ) =

∮
C
dz(z −H(λ))−1, (1)

where z is a complex variable, and C is a contour enclosing all the En(λ), and no other eigenvalues of H(λ).

2. Given a Hermitian projector P (t) that depends on some parameter t, show that

PṖP = 0. (2)

3. Show that the adiabatic evolution operator UA(t) satisfies Kato’s equation

U̇A = [Ṗ , P ]UA. (3)

4. Given a basis {ψm(λ)} of Im(P ), show that the matrix elements of the adiabatic evolution operator UA(t) can
be written as

〈ψn(λ)|UA(λ(t))|ψm(0)〉 = Wnm(λ) (4)

where Wnm(λ) is the path-ordered exponential of the Berry connection along the path λ(t).

5. Prove directly that

P (λ)UA(λ(t))P (0) = lim
δλ→0

P (λ)P (λ− δλ) . . . P (δλ)P (0). (5)

II. BERRY PHASE AND WANNIER FUNCTIONS

1. Let

P = e2πix/L. (6)

Show that

PcrP
−1 = e−2πir/Lcr. (7)

2. Prove that

N∑
n=1

∑
k

|ψnk〉〈ψnk| =
N∑
n=1

∑
R

|wnR〉〈wnR|, (8)

where |ψnk〉 are the Bloch eigenstates, and |wnR〉 are the corresponding Wannier functions.

3. Show that in the tight-binding limit in one dimension

log〈P〉 = −Tr

[∮
dk〈unk|∂kumk〉

]
. (9)

4. Recall that the Bloch Hamiltonian for the Rice-Mele chain in terms of the σ = s, p basis functions |σR〉 is

h(k) = (ε+ 2t cos k)σz + 2t sin kσy (10)

Compute the Wannier functions for this model when a) t = 0 and b) ε = 0
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III. WILSON LOOPS

1. Let C = {γ(t), t ∈ [0, 1)} be a curve in the Brillouin zone. Prove that the Wilson line satisfies

W†C =WC−1 , (11)

where the curve C−1 is defined by the function γ(1− t). Hence prove directly that the Wilson line is a unitary
operator when restricted to Im(P ).

2. Prove that with Inversion symmetry, that when k⊥ ≡ −k⊥ that the eigenvalues of Wg(k⊥) are either real or
come in complex conjugate pairs.

3. Let s = {R|0} be a symmetry such that

Rk⊥ ≡ k⊥, (12)

Rg = g. (13)

Show that in this case the eigenstates of the Wilson loop Wg(k⊥) can be labelled by their eigenvalues under the
operator UR.

4. Show that for a time-reversal symmetric system that:

(a) Wg(k⊥) and Wg(−k⊥) are isospectral

(b) If T 2 = −1 then eigenstates of Wg(k∗) at TRIMs k∗ are doubly degenerate.

5. Prove the Ambrose-Singer theorem in the case of a single band (i.e. rankP = 1)

6. Prove for a 1D system that detWg = ±1 is determined by the parity of the occupied states at Γ and X. Hint :
Use the fact that IW0←−πI

−1 =W0←π

IV. REFERENCES

1 J. E. Avron, in Quantum Symmetries/Symetries Quantiques: Proceedings of the Les Houches Summer School, Ses-
sion Lxiv, Les Houches, France, 1 August - 8 September, 1995 (Les Houches Summer School proceedings) (1998)
http://phsites.technion.ac.il/avron/wp-content/uploads/sites/3/2013/08/leshouches.pdf.

2 T. Kato, Journal of the Physical Society of Japan 5, 435 (1950).
3 J. Avron, R. Seiler, and L. Yaffe, Communications in Mathematical Physics 110, 33 (1987).
4 V. V. Albert, B. Bradlyn, M. Fraas, and L. Jiang, Physical Review X 6, 041031 (2016).
5 M. Nakahara, Geometry, topology and physics (CRC Press, 2003).
6 M. V. Berry, Proc. R. Soc. Lond. A 392, 45 (1984).
7 J. Zak, Physical review letters 62, 2747 (1989).
8 R. Resta, in AIP Conference Proceedings, Vol. 436 (AIP, 1998) pp. 174–183.
9 Q. Niu and D. Thouless, Journal of Physics A: Mathematical and General 17, 2453 (1984).

10 N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D. Vanderbilt, Reviews of Modern Physics 84, 1419 (2012).
11 J. Des Cloizeaux, Phys. Rev. 135, A698 (1964).
12 E. Blount, in Solid state physics, Vol. 13 (Elsevier, 1962) pp. 305–373.
13 G. Nenciu, Communications in mathematical physics 91, 81 (1983).
14 A. Alexandradinata, X. Dai, and B. A. Bernevig, Physical Review B 89, 155114 (2014).
15 M. Rice and E. Mele, Physical Review Letters 49, 1455 (1982).
16 W. Shockley, Physical review 56, 317 (1939).
17 B. Bradlyn, L. Elcoro, J. Cano, M. Vergniory, Z. Wang, C. Felser, M. Aroyo, and B. A. Bernevig, Nature 547, 298 (2017).
18 B. J. Wieder, B. Bradlyn, Z. Wang, J. Cano, Y. Kim, H.-S. D. Kim, A. M. Rappe, C. Kane, and B. A. Bernevig, Science

361, 246 (2018).
19 N. Marzari and D. Vanderbilt, Physical review B 56, 12847 (1997).
20 T. Eguchi, P. B. Gilkey, and A. J. Hanson, Physics Reports 66, 213 (1980).
21 R. Yu, X. L. Qi, A. Bernevig, Z. Fang, and X. Dai, Physical Review B 84, 075119 (2011).

http://phsites.technion.ac.il/avron/wp-content/uploads/sites/3/2013/08/leshouches.pdf
http://phsites.technion.ac.il/avron/wp-content/uploads/sites/3/2013/08/leshouches.pdf

	Exercises and References for TMS Satelite Course 2018
	Parametric Hamiltonians and Parallel Transport
	Berry Phase and Wannier Functions
	Wilson Loops
	References
	References


